
Mid-semester Examination

Course: Algebraic Topology II (KSM4E02) Instructor: Aritra Bhowmick

Time: 2:00PM – 5:00PM, 2nd March, 2026 Total marks: 30

Attempt any question. You can get maximum 25 marks.

Q1. Compute the singular homology groups of 𝑆𝑝 × 𝑆𝑞 for 𝑝, 𝑞 ≥ 0. [5]

Solution : Suppose 𝑆𝑝 has the cell decomposition {𝑒0, 𝑒𝑝} and 𝑆𝑞 has the cell decomposition 

{𝑓0, 𝑓𝑞}. Then, on the product 𝑆𝑝 × 𝑆𝑞 the cells are {𝑒0 × 𝑓0, 𝑒0 × 𝑓𝑞, 𝑒𝑝 × 𝑓0, 𝑒𝑝 × 𝑓𝑞}. The 

attaching map for the 𝑝 and 𝑞 cell are constant. Hence, the corresponding cellular boundary maps 

are also 0. The only nontrivial attaching map is 𝑆𝑝+𝑞−1 → 𝑆𝑝 ∨ 𝑆𝑞. Thus, we need to compute 

𝜕 : 𝐶cell𝑝+𝑞(𝑆𝑝 × 𝑆𝑞) → 𝐶cell𝑝+𝑞−1(𝑆𝑝 × 𝑆𝑞).

• Suppose 𝑝 ≠ 1, 𝑞 ≠ 1. Then there cannot be any (𝑝 + 𝑞 − 1)-cell, and hence 𝜕 = 0.

• Suppose 𝑝 = 1. Then, an argument using the Mayer-Vietoris sequence gives 𝐻𝑝+𝑞(𝑆𝑝 ×
𝑆𝑞) = ℤ. This implies the cellular boundary map 𝜕 must be 0

Since every boundary map in the cellular chain complex is zero, the (cellular) homology is 

isomorphic to the cellular chain complex itself.

Q2. Compute the singular homology groups of 𝑆1 × (𝑆1 ∨ 𝑆1). [5]

Solution : The space 𝑋 = 𝑆1 × (𝑆1 ∨ 𝑆1) looks like a torus lying flat on top of another torus, 

while touching each other along an 𝑆1. Consider 𝑈  to be the top torus, along with a small open 

neighborhood of the circle in the bottom torus. Similarly, let 𝑉  be the bottom torus, along with a 

small open neighborhood of the circle in the top torus. Then, 𝑈  and 𝑉  both deformation retracts 

onto the respective torus. Also, 𝑈 ∩ 𝑉  deforms to the circle. It follows that (𝑋;𝑈, 𝑉 ) is a proper 

triad, and we can use the Mayer-Vietoris sequence.

Let us denote 𝐻1(𝑈) = ℤ⟨𝑎, 𝑏⟩,𝐻1(𝑉 ) = ℤ⟨𝑥, 𝑦⟩,𝐻1(𝑈 ∩ 𝑉 ) = ℤ⟨𝑧⟩, where 𝑎, 𝑥, 𝑧 represents 

the circle in the intersection. In particular, the map 𝐻1(𝑈 ∩ 𝑉 ) → 𝐻1(𝑈) ⊕ 𝐻1(𝑉 ) is given as

𝑧 ↦ 𝑎 + 0.𝑏 + 𝑥 + 0.𝑦 = 𝑎 + 𝑥.

Clearly this map is injetive. Since 𝐻̃𝑘(𝑈 ∩ 𝑉 ) = 𝐻̃𝑘(𝑆1) = 0 for 𝑘 ≠ 1, it follows that 𝐻̃𝑘(𝑈 ∩
𝑉 ) → 𝐻̃𝑘(𝑈) ⊕ 𝐻̃𝑘(𝑉 ) is injective for all 𝑘. But then from the reduced Mayer-Vietoris sequence, 

we get the short exact sequences

0 → 𝐻̃𝑘(𝑈 ∩ 𝑉 ) → 𝐻̃𝑘(𝑈) ⊕ 𝐻̃𝑘(𝑉 ) → 𝐻̃𝑘(𝑋) → 0.

It follows that 𝐻1(𝑋) = ℤ⟨𝑏, 𝑦, 𝑎 − 𝑥⟩ = ℤ3. For 𝑘 ≠ 1, we have isomorphism 𝐻̃𝑘(𝑋) =
𝐻̃𝑘(𝑈) ⊕ 𝐻̃𝑘(𝑉 ). Putting everything together, we have

𝐻𝑘(𝑋) =

{



ℤ, 𝑘 = 0
ℤ3, 𝑘 = 1
ℤ2, 𝑘 = 2
0, otherwise.



Q3. Compute the relative singular homology groups in the following cases. [2 × 4 = 8]

a. 𝑋 = 𝑆2 and 𝐴 ⊂ 𝑋 is a finte set.

b. 𝑋 = 𝑆1 × 𝑆1 and 𝐴 ⊂ 𝑋 is a finte set.

c. 𝑋 is the double torus, and 𝐴 is the middle circle. 

𝐴

𝐵

d. 𝑋 is again the double torus, and 𝐵 is the circle as above.

Solution : Since we are working with CW complexes, we have 𝑞 : 𝑋 → 𝑋/𝐴 induces 

isomorphism 𝐻•(𝑋,𝐴) → 𝐻̃•(𝑋/𝐴). So we need to figure out 𝑋/𝐴.

Suppose 𝐴 ⊂ 𝑋 has 𝑘 many distinct points. We claim that

𝑋/𝐴 ≃ 𝑋 ∨ (∨𝑘−1𝑖=1 𝑆1).

To see this, first note that 𝑋/𝐴 ≃ 𝑌 , where 𝑌  is obtained from 𝑋 by taking a disjoint point, and 

joining each of the points of 𝐴 by a line. Then, in 𝑌 , we can homotopy the base of these lines and 

identify to a single point in 𝑋. Finally, if we collapse one of the lines, we are left with (𝑘 − 1)-
many 𝑆1 wedged to 𝑋. Finally, we can write

𝐻𝑖(𝑆2, 𝐴) =

{


0, 𝑖 = 0
ℤ𝑘−1, 𝑖 = 1
ℤ, 𝑖 = 2
0, otherwise

 

𝐻𝑖(𝑆1 × 𝑆1, 𝐴) =

{


0, 𝑖 = 0
ℤ𝑘+1, 𝑖 = 1
ℤ, 𝑖 = 2
0, otherwise

Next, suppose 𝑋 is the double torus. It is easy to see 𝑋/𝐴 = (𝑆1 × 𝑆1) ∨ (𝑆1 × 𝑆1), and 

𝑋/𝐵 = (𝑆1 × 𝑆1) ∨ 𝑆1. One can immediately compute,

𝐻𝑖(𝑋,𝐴) =

{


0, 𝑖 = 0
ℤ4, 𝑖 = 1
ℤ2, 𝑖 = 2
0, otherwise

 

𝐻𝑖(𝑋,𝐵) =

{


0, 𝑖 = 0
ℤ3, 𝑖 = 1
ℤ, 𝑖 = 2
0, otherwise

Q4. Prove Brouwer fixed point theorem : any continuous map 𝑓 : 𝐷𝑛 → 𝐷𝑛 has a fixed point, where 

𝐷𝑛 ⊂ ℝ𝑛 is the closed unit disc. (Hint : Consider the ray joining 𝑓(𝑥) to 𝑥.) [4]

Solution : Suppose 𝑓 : 𝐷𝑛 → 𝐷𝑛 is a map without fixed points. Then, for each 𝑥 ∈ 𝐷𝑛, there 

exists a unique ray from 𝑓(𝑥) to 𝑥, and intersecting the boundary 𝑆𝑛−1 = 𝜕𝐷𝑛 at a unique point, 

say, 𝑟(𝑥). One can write down an explicit formula for 𝑟(𝑥), and show that 𝑟 : 𝐷𝑛 → 𝑆𝑛−1 is 

continuous. Note that for any 𝑥 ∈ 𝑆𝑛−1 we have 𝑟(𝑥) = 𝑥, since the ray from 𝑓(𝑥) to 𝑥 



intersects 𝑆𝑛−1 precisely at 𝑥. Thus, 𝑟 : 𝐷𝑛 → 𝑆𝑛−1 is a retraction. But then 𝐻̃𝑘(𝑆𝑛−1) is a 

direct summand of 𝐻̃𝑘(𝐷𝑛) for all 𝑘. Since 𝐻̃𝑘(𝐷𝑛) = 0, and 𝐻̃𝑛−1(𝑆𝑛−1) = ℤ, we have a 

contradiction. Hence, 𝑓 : 𝐷𝑛 → 𝐷𝑛 must have a fixed point.

Q5. Show that any fixed-point free map 𝑓 : 𝑆𝑛 → 𝑆𝑛 is homotopic to the antipode map. (Hint : For 

𝑥 ∈ 𝑆𝑛, can the convex sum of 𝑓(𝑥) and −𝑥 pass through the origin?) [4]

Solution : For 𝑥 ∈ 𝑆𝑛 and 0 ≤ 𝑡 ≤ 1, consider the quantity 𝑏 = (1 − 𝑡)𝑓(𝑥) + 𝑡(−𝑥) = (1 −
𝑡)𝑓(𝑥) − 𝑡𝑥. If possible, suppose 𝑏 = 0. Then, (1 − 𝑡)𝑓(𝑥) = 𝑡𝑥. Taking norm, and noting ‖𝑥‖ =
1 = ‖𝑓(𝑥)‖, we have |1 − 𝑡| = |𝑡| ⇒ 1 − 𝑡 = 𝑡 ⇒ 𝑡 = 1

2 . But for 𝑡 = 1
1  we have 𝑏 = 𝑓(𝑥) − 𝑥 ≠

0. Thus, we can define a continuous map

ℎ𝑡(𝑥) =
(1 − 𝑡)𝑓(𝑥) + 𝑡(−𝑥)
‖(1 − 𝑡)𝑓(𝑥) + 𝑡(−𝑥)‖

.

Clearly, ℎ0(𝑥) = 𝑓(𝑥), and ℎ1(𝑥) = −𝑥 is the antipode map. Thus, ℎ is a homotopy of 𝑓  with the 

antipode map.

Q6. Justify that on an even sphere the only nontrivial group acting freely is ℤ/2ℤ. [4]

Recall : A group 𝐺 acts on a space 𝑋 if there is a continuous map 𝜑 : 𝐺 ×𝑋 → 𝑋 such that 

𝜑(𝑒, 𝑥) = 𝑥, and 𝜑(𝑔, 𝜑(ℎ ⋅ 𝑥)) = 𝜑(𝑔 ⋅ ℎ, 𝑥) holds for 𝑔, ℎ ∈ 𝐺, 𝑥 ∈ 𝑋. The action is free if for 

any 𝑔 ≠ 𝑒 (where 𝑒 ∈ 𝐺 is the identity), we have 𝜑𝑔 : 𝑋 → 𝑋 given as 𝑥 ↦ 𝑔 ⋅ 𝑥 is a fixed-point 

free map.

Solution : Suppose 𝐺 acts freely on the even sphere 𝑆2𝑛. Suppose 𝜑 : 𝐺 × 𝑆2𝑛 → 𝑆2𝑛 is the 

action. For any 𝑔 ∈ 𝐺, we then have the homeomorphism 𝜑𝑔 : 𝑆2𝑛 → 𝑆2𝑛. Since 

homeomorphisms have degree ±1, we have a composed map

𝛿 : 𝐺⟶ homeo(𝑆2𝑛)⟶
deg
{±1} = ℤ/2ℤ.

Let us check that 𝛿 is a group homomorphism. Indeed, 𝛿(𝑔ℎ−1) = deg(𝜑𝑔ℎ−1) = deg(𝜑𝑔 ∘
𝜑−1ℎ ) = deg(𝜑𝑔) ⋅ deg(𝜑ℎ)

−1 = 𝛿(𝑔) ⋅ 𝛿(ℎ)−1. Since 𝐺 acts freely, for all 𝑒𝐺 ≠ 𝑔 ∈ 𝐺, we have 

𝜑𝑔 is fixed-point free, and hence, homotopic to the antipode map. Thus, 𝛿(𝑔) = (−1)2𝑛+1 = −1. 

This shows that 𝛿 : 𝐺 → {±1} is an injective group map. This means 𝐺 = {𝑒} or 𝐺 = {±1}. This 

proves the claim.


