End-semester Examination

Course: Algebraic Topology Il (KSM4EQ2) Instructor: Aritra Bhowmick
Time: 2:00PM — 5:00PM, 7*" May, 2026 Total marks: 45

Attempt any question. You can get maximum 40 marks.

Fact: If M is a compact n-fold, then M is homotopy equivalent to a finite CW complex of dimension n.

Fact: If G is a finitely generated Abelian group, then G can be uniquely written as G = Z* @ T for some k >
0, where T is the torsion subgroup defined as T' = {g € G | ord(g) < oo}. Moreover, T' can be written as a
finite direct sum of cyclic groups.

Fact: Tensor naturally distributes over direct sum: A ® (®;c; B;) = ®;c; AQ B;

Fact: Given any Abelian group A, we have Z/nZ @ A = A/nA, where nA = {na | a € A}, and
Tor(Z/nZ,A) = ,A={a € A|na=0}.

You may also use the (co)homology groups of standard spaces like S™, RPP™, CP" etc without computation. If
you are using any UCT like theorem to compute something, mention why the Tor/Ext term vanishes (if it
does vanish). You may use any part of any question, whether attempted or not, in solving another question.

Ql. Fix R-modules A, B, M. Show that Tor® (M, A @ B) = TorZ (M, A) & TorZ(M, B) for all n.
Solution : Get a projective resolutions P, - A — 0,Q, — B — 0. Note that P, @ Q) is again
projective, being direct sum of projectives. Thus, we have a projective resolution

> Po@Q, > RoQ,—AdB—0.

It is easy to see that kernel and images are computed component-wise, and hence it is indeed a
resolution. Moreover, M ® (P, ® Q,;) = (M ® P.) ® (M ® Q;) naturally. Now, we have

Tor?(M,A®B)=H,(~ > M@ P, &Q,) - M® (R ®Q,) —0)
=H,(+> (MQP)®(MeQ,) > (M®FK)d(MRQ,) —0)
=H,(-—>MQP, >M®R —-00H,(-—>MeQ, > M®Q,—0)
= Tor®(M, A) ® Tor (M, B).

Q2. Compute the cohomology rings (with Z-coefficients) of the following spaces.
a. XCP?.
b. §3v S5,

Are these two spaces homotopy equivalent?!

Solution : By cellular homology, we have

Z, k=024

0, otherwise.

Hk((C]P2) = {



By the suspenesion isomorphism H, (XX) =~ H, ,(X), we get

7, k=035

0, otherwise.

H,(SCP?) = {

Since all the groups are free, applying UCT, it follows that cohomology is dual to homology. In
particular,

Z, k=035

0, otherwise.

H*(SCP?) = {

Since this is a suspension space, (or alternatively, because of degree reasons) there is no nontrival cup
product.

Since reduced homology splits as direct sum for wedge of spaces, we have

Z, k=024

0, otherwise.

H,(S%v S8%) = {

This is same as XCP2. Hence, again by UCT, we have cohomology is dual to homology and thus,

7, k=0,2,4
0, otherwise.

H*(S3 v S%) = {

Again, for degree reason (or because S3 v S5 = $(S% v §4) is a suspension), we have there is no
nontrivial cup product.

Thus, in both the cases, the cohomology ring can is isomorphic to

Z|X,Y]

v |X|=3,]Y|=5.
<X2,Y2>, ‘ | 3’| | 5

Note: Since we are working with graded commutative rings, the relation XY = 0 is implicit in the
above presentation.

Any homotopy equivalence will induce an isomorphism between the cohomology rings. Since the
cohomology rings H*(CP?) and H*(S3 Vv S°) are abstractly isomorphic, it follows that the cup
product structure is not enough to distinguish between the spaces.

Note: The spaces are in fact not homotopy equivalent to each other. To justify this, one requires
cohomology operations, namely, Steenrod square maps. These are natural transformation Sq° :
H*(X,Z,) — H*(X,Z,), which in particular satisfies that Sq"(a) = a — a whenever |a| = n.
Moreover, Sq° is the Bockstein map. We have,

_ Z2 [X7 Y]

H*(E(CPZ,ZQ) :H*(S3VS5,Z2) —W, |X| :3,|Y| = 5.

One can show the following.

* Sq?: H3(XCP?,Z,) — H®(XCP?,Z,) is an isomorphism. This is because the Steenrod
square maps commute with the suspension isomorphism. Now, from consider the generator
a € H*(CP?,Z,), so that Xa generates H?(XCP?,Z,). Then,



Q3.

Sq(Za) = £(Sa?(a)) = E(a — a),

which generates H?(XCP?,Z,). Note, Sq*(a) = a — a as |a| = 2.

* Onthe other hand, Sq? : H3(S® v S%;Z,) — H®(S3 Vv §°; Z,) is the 0 map. This is because
the generator a € H3(S53;Z,) gives rise to the generator .*(a) € H*(S® Vv S%; Z,), where ¢ :
53 < 83 v 8% is the inclusion. Now, naturality of the Steenrod square gives

Sa(1#a) = 1*(S*(a)) = *(0) =
as Sq%(a) € H?(S3;Z,) = 0.

Since Steenrod squares are natural maps, homotopy equivalent spaces must have the same structure.
Thus, the spaces XCP? and S3 V S° cannot be homotopy equivalent.

Further Note: The point of this exercise is the following. Recall the Hopf map h : S3 — S2. One can
show that the mapping cone of h is CIP2. Now, taking suspension, we have Xh : S* — S3. Then, (from
the cofibration sequence) one gets that ZCP? is the mapping cone of k. We would like to say that
Yh = 0. If £h =~ 0, then we have the mapping cone is S2 V S®, which is a contradiction by the above
discussion (recall : homotopic maps have homotopy equivalent mapping cones). Thus, XA is a
nontrivial element in 7, (S?).

Further further note: One can moreover show that £k has order 2, and 7, (S?®) = Z, is generated by
this map. The fact that 7r4(S3) = Z, is classical (e.g, via EHP sequence). In 2016, in his PhD thesis,
Gillaume Brunerie reproved the same via homotopy type theory formalism; 2 is sometimes called the
Brunerie number!

Suppose M is a compact, connected, oriented, 4-fold, without boundary. Show that the nontrivial
(co)homology groups of M with Z coefficients are

k=0 E=1 k=2 k=3 k=4
H,. (M) hoT | KLeT 3
H*(M) Z F FeT | FoT Z

Here F, E, are some free Abelian groups, and 7" is an Abelian torsion group (i.e, every element of T'
has finite order).

Solution : Let us observe the following.

* Since M is compact and oriented, by the Poincare duality, we have H, (M) = H**(M).
Moreover, all the groups are finitely generated.

* As M is connected, we have Hy(M) = Z, and hence, H*(M) = Z as well.

* By UCT, it follows HO(M) = Z, and hence, H,(M) = Z. Alternatively, M being oriented
implies H, (M) = Z as well.

* Letus write H, (M) = F, & T for some free group F; and a torsion group 7. This gives
H3(M)=F, ®T as well.

e From UCT, we have the split exact sequence

0 — Ext(Hy(M),Z) — H*(M) — hom(H,(M),Z) — 0.



Since Ext(Z,Z) = 0, and hom(F, ® T,Z) = hom(F,,Z) = F,, we have H'(M) = F,. This
gives Hy(M) = F; as well.

e Again, from UCT, we have the split exact sequence
0 — Ext(H, (M), Z) — H2(M) — hom(H,(M),Z) — 0.

Now, Ext(H,(M),Z) = Ext(F, @ T,Z) = Ext(T,Z) = T. Let us write H,(M) = E, & T" for
a free group F; and torsion group 7”. Then, we have a split exact sequence

0—T— H*(M) — F, — 0.

We get, H,(M) = H?(M) = E, @ T. By the structure theorem of finitely generated Abelian
groups, we must have T = T.

Thus, we have justified the table.

Q4. Suppose M is a compact, connected, oriented n-fold.

a. If the fundamental group of M is torsion (i.e, every element is of finite order), then show that
H, ,(M)=0.

n—1

b. If n = 2k and H,_, (M) is torsionfree (i.e, every nonzero element is of infinite order), then show
that H, (M) is also torsionfree.

Solution :

a. Since M is connected (and hence path connected), by Hurewicz theorem, we have H, (M) =

7, (M) is a torsion group. In particular, hom(H; (M), Z) = 0. Now, by UCT, we have
HY(M) = Ext(Hy(M),Z) ® hom(H,(M),Z) = Ext(Z,Z) & 0 = 0.

Then, by the Poincare duality, we have H, (M) = H'(M) = 0.

b. Note that being free and torsionfree is equivalent for a finitely generated Abelian group. Thus,
H,_,(M)is free. By the UCT, we have

0 — Ext(H,_,(M),Z) — H*(M) — hom(H,(M),Z) — 0.

The Ext term vanishes as H,,_; (M) is free. Also, hom(H (M), Z) is free, since hom-ing into Z
kills any torsion. Thus, H*(M) = hom(H, (M), Z) is free.

Q5. Consider the space X obtained from the cube in the following way: identify each face of the cube with
the one opposite after twisting it by 90° in the right-handed corkscrew motion. We have the following
cell structure on X.
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Using cellular homology (or otherwise) show that

’

7, k=0

Lo ®Zy, k=1
H,.(X;Z)=<0, k=2

Z, k=3

0, otherwise.

Compute the cohomology groups H*(X; Z,).

Solution : The cellular chain complex of X with Z coefficient is given as
0 — Z(A) = Z(A, B,C) — Z({a,b,c,d) — Z{u,v) — 0.
Note d;(a) = v —u = —0;(b) = 0;(c) = —0,(d), and hence,
Hy(X) = Z{[u] = [v]).
Next, we have
kerd, = {t;a +tyb+tsc+t,d | t; —ty +t3 —t, =0}
={ti(a+d)+ty(b—d)+ts(c+d)|t,,ty,t3 € Z}
=Z{a+d,b—d,c+d).
On the other hand,
dy(A)=a—b—c+d, dy(B)=a+b+c+d, dy(C)=—-a—-b+c+d.
This gives,
dy(A+B)=2(a+d), dy(A+C)=-2(b—d), dy(B+C)=2(c+d),
and
dy(A+B+C)=(a+d)—(b—d)+ (c+4d).

Let us consider the quotient map



q:Z{a+d,b—d,c+d) = Zy(Ja+d],[c+d])
(a+d) - [a+d]
(b—d)[a+d]+ [c+d]
(c+d)— [c+d].

Then, im d, C ker q. On the other hand, an element in ker g is
ti(a+d)+ty(b—d) +t3(c+d), ty +1t,, ty+t;€2Z.

This means, t{, t5, t3 must have same parity. If they are all even, clearly we can write them in terms of
elements of im d,. If they are all odd, we have

2(ky +1)(a+d) + (2ky +1)(b—d) + (2kg + 1)(c + d)
=kidy(A+ B) —kydy(A+C) + k3dy(B+C)+ (b—d)+ (a+d)+ (c+4d)
= kydy(A+ B) — kydy(A+ C) + ksdy (B + C)
+(b—d)+dy(A+B+C)+ (b—d)
=kidy(A+ B) —kydy(A+ C) + k3dy(B+C)+dy(A+B+C)+2(b—d)
=kidy(A+ B) — (kg + 1)dy(A+ C) + kgdy(B+ C) + dy(A+ B+ C) € imd,.
Thus,
H,\(X) = Zy([a+d], [c + d]) = Z3.
Next, we compute
0=dy(q1 A+ 4B+ ¢30)
=qla—b—c+d)+gla+b+c+d)+qg3(—a—b+c+d)
= (g1 + a2 —q3)a+ (—q1 + 92— @3)b+ (a1 + 42 + g3)c + (a1 + 43 + g3)d.
This gives,
L =42 +q3, 93 =93+ qy, 43 =q; +qo, Q1+Q2+Q3:0'

The last condition is superfluous since the first three gives ¢; + g5 + ¢35 = 2(q; + ¢ + ¢3) = ¢4 +

gy +q3 =0.Also, ¢g; —qy = ¢5 — ¢; = q; = gy, and similarly, ¢, = g5. But then, ¢; = ¢, = q3 = 0.
Hence, we have ker d, = 0, which implies H,(X) = 0. Finally, d3A = 0, and hence H5(X) = 0. Thus,
we have

7, k=0

Zo®Zy, k=1
H,(X;Z)=<0, k=2

Z, k=3

0, otherwise.

Using UCT, we can compute H, (X;Z,). Since Z, is a field, cohnomology is then dual to homology. We
have,



Z,, k=0
Zy® Ly, k=1
H*¥(X;Z,) = H(X;Z,) ={ Zy ® Ly, k=2
Z,, k=3

0, otherwise.

Q6. Given a finitely generated Abelian group G, define the rank rk(G) as the rank of the free part of G, i.e,
if G = Z* @ torsion, then rk(G) = k. Given a space X, such that @, H,(X) is finitely generated,
define the Euler characteristic as

io: ‘rk H,(X).

=0

Assume that X (resp. G) is such that e(X) (resp. rk(G)) is defined.

a.

b.

If I is a field of characteristic 0, show that dimy G ® F = rk G.

Suppose 0 -+ A — B — C — 0 is a short exact sequence of finitely generated Abelian groups.
Show thatrk B =rk A + rk C. Hint: Tor(G,Q) = 0 for any G.

If F is a field of characteristic p, show that dimy G ® F = rk(G) + the number of Z/nZ
summands of G with p | n.

. Show that e(X) = >>°° (—1)" dimy H,(X;F), where F is any field.

1=0

Suppose M is a compact manifold of odd dimension. Show that e(M) = 0.

Solution :

a.

Suppose F is a field of characteristic 0. Then, we have Z/nZ @ F = F/nF =F/F = 0, as any n is
invertible in F. Then, writing G = Z* @ torsion, we have G @ F = Z* @ F = (Z ® F)* = F*,
Thus, dimy G @ F = rkG.

Since Q is a torsion-free field of characteristic 0, we have a short exact sequence
02 ARQ—->BQ—-CQ —0.

By the rank-nullity theorem, we have dimgp B ® Q — dimgp A ® Q = dimgp C' ® Q. But then by
the previous problem, rk B =rk A +rk C.

Suppose F is a field of characterisic p. Recall that for any Abelian group A, we have Z/nZ ® A =
A/nA. Then, for each summand Z/nZ, where p | n, we have Z/nZ @ F = F/nF =F,asn =0
in IF. The claim then follows easily.

. If Fis a field of charateristic 0, then the Tor term in the UCT vanishes, and we get H,(X;F) =

H,(X) ® F. The claim is then immediate since

e(X) =) (—1) 1k Hy(X) =) (—1)'dimg H(X) @ F = Z )¢ dimg H,(X;F).

% ()



Let us assume F is a field of characteristic p. Denote, a; = rk(H,;(X)), and b, = the number of
Z/nZ summand of H,(X) such that p | n. Recall tha we have Tor(Z/nZ,A) = {x € A | nx =
0} for any Abelian group A. In particular, if p | n, then Tor(Z/nZ,F) = F (asn = 0in ), and if
p } n, then Tor(Z/nZ,F) = 0 (as n is invertible in F). Then, we have Tor(H,(X),F) = F’. Now,
the UCT gives

0— H,(X)®F — H,(X;F) - Tor(H, ,(X),F) — 0.
Using the discussion above, we have the split exact sequences
0 — Futbi — H.(X;F) — Fbi1 — 0,
where we take b_; = 0 for notational convenience. Now, we have
dimy H,(X;F)=a; +b, + b, 4.
Taking alternatig sum, we see that the b, terms vanish. Thus, we have

> (1) dimg H; (X F) = Z (—1)'a; = Y (1) 1k H;(X) = e(X).

% A )

. Let us work with Z,-coefficients, so that M is Z,-orientable. Then, Poincare duality is applicable.
In particular, H,(M;Z,) = H"*(M;Z,) foreach 0 < i < n = dim M. Also, over a Field
coefficient, cohomology is dual to homology. Thus, H,(M;Z,) = hom(H,,_,(M;Z,),Z,) =

H, ,(M;Z,).Since n = dim M is odd, it follows that the terms in e(M) =

>, (—1)"dim H,(M;Z,) cancels pairwise. Hence, e(M) = 0.



