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homotopy invariance of singular homology – barycentric subdivision

8.1 Homotopy Invariance of Singular Homology

Our goal is to show that homotopic maps induce the same homomorphism of singular homology groups. 

Given a space 𝑋, consider the maps

𝜉𝑋 : 𝑋 → 𝑋 × [0, 1]
𝑥 ↦ (𝑥, 0).  

𝜂𝑋 : 𝑋 → 𝑋 × [0, 1]
𝑥 ↦ (𝑥, 1).

They are clearly natural in 𝑋, and hence, induce natural chain maps

𝜉𝑋
• , 𝜂𝑋

• : 𝑆•(𝑋) → 𝑆•(𝑋 × [0, 1]).

In particular, 𝜉•, 𝜂• : 𝑆•(_) ⇒ 𝑆•(_ × [0, 1]) are natural transformations.

Proposition 8.1:

The chain maps 𝜉•, 𝜂• are naturally chain homotopic.

Proof : We need to construct maps 𝑠𝑋
𝑛 : 𝑆𝑛(𝑋) → 𝑆𝑛+1(𝑋 × [0, 1]), such that it is a chain homotopy:

𝜂𝑋
𝑛 − 𝜉𝑋

𝑛 = 𝜕𝑠𝑋
𝑛 + 𝑠𝑋

𝑛−1𝜕.

Moreover, we need it to be natural: for any 𝑓 : 𝑋 → 𝑌 , we require

𝑆𝑛+1(𝑓 × Id) ∘ 𝑠𝑋
𝑛 = 𝑠𝑌

𝑛 ∘ 𝑆𝑛(𝑓).

We construct 𝑠𝑋
𝑛  inductively.

• For a 0-simplex 𝜎 : Δ0 → 𝑋, let us define 𝑠𝑋
0 (𝜎) : Δ1 = Δ0 × [0, 1] → 𝑋 × [0, 1] by

𝑠𝑋
0 (𝜎)(𝑡) = (𝜎(0), 𝑡).

It follows that

𝜕(𝑠𝑋
0 (𝜎)) = 𝑠𝑋

0 (𝜎)𝑑0 − 𝑠𝑋
0 (𝜎)𝑑1 = 𝜂𝑋

0 𝜎 − 𝜉𝑋
0 𝜎.

Naturality is apparent from the definition.

• Inductively assume that we have constructed 𝑠𝑋
𝑘  for 𝑘 < 𝑛, for all space 𝑋. We construct 𝑠𝑋

𝑛 . The 

identity map Id : Δ𝑛 → Δ𝑛 is a singular 𝑛-simplex, denote 𝜄𝑛 ∈ 𝑆𝑛(Δ𝑛) to be the corresponding 

element. In order to define 𝑠𝑋
𝑛 , we require 𝑠Δ𝑛

𝑛  to satisfy
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𝜕𝑠Δ𝑛

𝑛 (𝜄𝑛) = 𝜂Δ𝑛

𝑛 (𝜄𝑛) − 𝜉Δ𝑛

𝑛 (𝜄𝑛) − 𝑠Δ𝑛

𝑛−1(𝜕𝜄𝑛),

where the right-hand-side is defined by induction. We have the following diagram

𝜉Δ𝑛

𝑛𝜂Δ𝑛

𝑛

𝜕

𝑠Δ𝑛

𝑛−1 𝜂Δ𝑛

𝑛−1 𝜉Δ𝑛

𝑛−1

𝜕

𝑠Δ𝑛

𝑛−2

𝜕

𝑆𝑛(Δ𝑛) 𝑆𝑛−1(Δ𝑛) 𝑆𝑛−2(Δ𝑛)

𝑆𝑛(Δ𝑛 × 𝐼) 𝑆𝑛−1(Δ𝑛 × 𝐼)

Observe that

𝜕(𝜂Δ𝑛

𝑛 (𝜄𝑛) − 𝜉Δ𝑛

𝑛 (𝜄𝑛) − 𝑠Δ𝑛

𝑛−1(𝜕𝜄𝑛))

= 𝜂Δ𝑛

𝑛−1(𝜕𝜄𝑛) − 𝜉Δ𝑛

𝑛−1(𝜕𝜄𝑛) − 𝜕(𝑠Δ𝑛

𝑛−1(𝜕𝜄𝑛)), since 𝜉, 𝜂 are chain maps

= 𝜂Δ𝑛

𝑛−1(𝜕𝜄𝑛) − 𝜉Δ𝑛

𝑛−1(𝜕𝜄𝑛) − (𝜂Δ𝑛

𝑛−1(𝜕𝜄𝑛) − 𝜉Δ𝑛

𝑛−1(𝜕𝜄𝑛) − 𝑠𝑋
𝑛−2(𝜕𝜕𝜄𝑛)),

as 𝑠Δ𝑛

𝑛−1, 𝑠Δ𝑛

𝑛−2 are part of the chain homotopy
= 0, as 𝜕𝜕𝜄𝑛 = 0.

In other words, the RHS is an 𝑛-cycle. Since Δ𝑛 × [0, 1] is contractible, by Theorem 7.11, the RHS is 

a boundary. In particular, we can choose some singular (𝑛 + 1)-chain 𝑎 ∈ 𝑆𝑛+1(Δ𝑛 × 𝐼) such that

𝜕𝑎 = 𝜂Δ𝑛

𝑛 (𝜄𝑛) − 𝜉Δ𝑛

𝑛 (𝜄𝑛) − 𝑠Δ𝑛

𝑛−1(𝜕𝜄𝑛).

Set, 𝑠Δ𝑛

𝑛 (𝜄𝑛) = 𝑎. Then, for any space 𝑋 and any singular 𝑛-simplex 𝜎 : Δ𝑛 → 𝑋, set

𝑠𝑋
𝑛 (𝜎) = 𝑆𝑛+1(𝜎 × Id)(𝑎).

Let us verify the required conditions. We have the diagram

𝜕

𝜂Δ𝑛

𝑛 𝜉Δ𝑛

𝑛 𝜂Δ𝑛

𝑛−1 𝜉Δ𝑛

𝑛−1

𝜕 𝜕

𝑠Δ
𝑛

𝑛 𝑠Δ
𝑛

𝑛

𝜕𝜕

𝜂𝑋
𝑛𝜂𝑋
𝑛 𝜉𝑋

𝑛𝜉𝑋
𝑛 𝜂𝑋

𝑛𝜂𝑋
𝑛 𝜉𝑋

𝑛−1𝜉𝑋
𝑛−1

𝜕𝜕 𝜕𝜕

𝑠𝑋𝑛𝑠𝑋𝑛 𝑠𝑋𝑛−1
𝑠𝑋𝑛−1

𝑆 𝑛
(𝜎

)

𝑆 𝑛−
1
(𝜎

)

𝑆 𝑛+
1
(𝜎

×
Id

)

𝑆 𝑛
(𝜎

×
Id

)

𝑆 𝑛−
1
(𝜎

×
Id

)

𝑆𝑛(𝑋) 𝑆𝑛−1(𝑋)

𝑆𝑛(𝑋 × 𝐼)𝑆𝑛+1(𝑋 × 𝐼) 𝑆𝑛−1(𝑋 × 𝐼)

𝑆𝑛(Δ𝑛) 𝑆𝑛−1(Δ𝑛)

𝑆𝑛(Δ𝑛 × 𝐼)𝑆𝑛+1(Δ𝑛 × 𝐼) 𝑆𝑛−1(Δ𝑛 × 𝐼)

𝜎

𝑎

We compute

𝜕𝑠𝑋
𝑛 (𝜎) = 𝜕𝑆𝑛+1(𝜎 × Id)(𝑎) = 𝑆𝑛(𝜎 × Id)(𝜕𝑎)

= 𝑆𝑛(𝜎 × Id)(𝜂Δ𝑛

𝑛 (𝜄𝑛) − 𝜉Δ𝑛

𝑛 (𝜄𝑛) − 𝑠Δ𝑛

𝑛−1(𝜕𝜄𝑛))

= 𝜂𝑋
𝑛 𝑆𝑛(𝜎)(𝜄𝑛) − 𝜉𝑋

𝑛 𝑆𝑛(𝜎)(𝜄𝑛) − 𝑠𝑋
𝑛−1𝑆𝑛−1(𝜎)(𝜕𝜄𝑛),

as 𝜉𝑋, 𝜂𝑋 are natural transformations, and 𝑠𝑛−1 is natural

= 𝜂𝑋
𝑛 𝑆𝑛(𝜎)(𝜄𝑛) − 𝜉𝑋

𝑛 𝑆𝑛(𝜎)(𝜄𝑛) − 𝑠𝑋
𝑛−1𝜕𝑆𝑛(𝜎)(𝜄𝑛)
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= 𝜂𝑋
𝑛 𝜎 − 𝜉𝑋

𝑛 𝜎 − 𝑠𝑋
𝑛−1𝜕𝜎.

Thus, 𝑠𝑋
𝑛  satisfies the chain homotopy condition. Next, consider a continuous map 𝑓 : 𝑋 → 𝑌 . We 

have the diagram

𝑆𝑛(𝑓)

𝑠𝑋𝑛 𝑠𝑌𝑛

𝑆𝑛(𝑓 × Id)

𝑆
𝑛+1 (𝜎

×
Id)

𝑆 𝑛+
1
((𝑓

∘ 𝜎
) ×

Id
)

𝑆𝑛(𝑋) 𝑆𝑛(𝑌 )

𝑆𝑛+1(𝑋 × 𝐼) 𝑆𝑛+1(𝑌 × 𝐼)

𝑆𝑛+1(Δ𝑛 × 𝐼)

𝜎 𝑓 ∘ 𝜎

𝑎

We compute

𝑆𝑛+1(𝑓 × Id)𝑠𝑋
𝑛 (𝜎) = 𝑆𝑛+1(𝑓 × Id)𝑆𝑛+1(𝜎 × Id)(𝑎)

= 𝑆𝑛+1((𝑓 ∘ 𝜎) × Id)(𝑎)

= 𝑠𝑌
𝑛 (𝑓 ∘ 𝜎)

= 𝑠𝑌
𝑛 𝑆𝑛(𝑓)(𝜎).

This proves naturality of 𝑠𝑛

Hence, inductively, we have a natural chain homotopy 𝑠• : 𝜉• ≃ 𝜂•. □

Note that the chain homotopy obtained in Proposition 8.1 is not unique since we made a choice at each 

induction step, but the homotopy is still natural.

Theorem 8.2: (Singular Homology is Homotopy Invariant)

Suppose 𝑓, 𝑔 : (𝑋, 𝐴) → (𝑌 , 𝐵) are homotopic maps. Then, 𝐻𝑛(𝑓) = 𝐻𝑛(𝑔) : 𝐻𝑛(𝑋, 𝐴) →
𝐻𝑛(𝑌 , 𝐵) for all 𝑛.

Proof : Suppose ℎ : (𝑋, 𝐴) × 𝐼 → (𝑌 , 𝐵) is a homtopy 𝑓 ≃ 𝑔. We have the commutative diagram

𝜄

𝜉𝐴
𝜂𝐴 ℎ|𝐴×[0,1]

𝜄 × Id

𝜉𝑋
𝜂𝑋

ℎ

𝐴 𝐴 × [0, 1] 𝐵

𝑋 𝑋 × [0, 1] 𝑌

where, 𝜉𝑋(𝑥) = (𝑥, 0), 𝜂𝑋(𝑥) = (𝑥, 1), 𝜉𝐴(𝑎) = (𝑎, 0), 𝜂𝐴(𝑎) = (𝑎, 1). By Proposition 8.1, we have a 

natural chain homotopy 𝑠𝑋
• : 𝑆•(𝜂𝑋) ≃ 𝑆•(𝜉𝑋) and 𝑠𝐴

• : 𝑆•(𝜂𝐴) ≃ 𝑆•(𝜉𝐴). Naturality implies

𝑆𝑛+1(𝜄 × Id) ∘ 𝑠𝐴
𝑛 = 𝑠𝑋

𝑛 ∘ 𝑆𝑛(𝜄).
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Hence, we can define 𝑠𝑋,𝐴
𝑛 : 𝑆𝑛(𝑋, 𝐴) → 𝑆𝑛+1(𝑋 × [0, 1], 𝐴 × [0, 1]), which is clearly a chain hom

topy 𝑆•(𝜂𝑋,𝐴) ≃ 𝑆•(𝜉𝑋,𝐴). Then,

𝑆𝑛(𝑔) − 𝑆𝑛(𝑓) = 𝑆𝑛(ℎ ∘ 𝜂𝑋,𝐴) − 𝑆𝑛(ℎ ∘ 𝜉𝑋,𝐴) = 𝑆𝑛(ℎ)(𝑆𝑛(𝜂𝑋,𝐴) − 𝑆𝑛(𝜉𝑋,𝐴))

= 𝑆𝑛(ℎ) ∘ (𝜕𝑠𝑋,𝐴
𝑛 + 𝑠𝑋,𝐴

𝑛−1𝜕) = 𝜕(𝑆𝑛+1(ℎ)𝑠𝑋,𝐴
𝑛 ) + (𝑆𝑛(ℎ)𝑠𝑋,𝐴

𝑛−1)𝜕.

Thus, 𝜁𝑛 = 𝑆𝑛+1(ℎ)𝑠𝑋,𝐴
𝑛 : 𝑆𝑛(𝑋) → 𝑆𝑛+1(𝑌 ) is a chain homtopy 𝑆•(𝑔) ≃ 𝑆•(𝑓). Hence, by Proposi

tion 7.8, we have 𝐻𝑛(𝑓) = 𝐻𝑛(𝑔). □

8.2 Barycentric Subdivision

Our next goal is to show that singular homology satisfy the exicion axiom. For that we first need to construct 

barycentric subdivision of simplicies.

Let 𝐷 ⊂ ℝ𝑛 be a convex set. Given points 𝑣0, …, 𝑣𝑝 ∈ 𝐷, the affine singular 𝑝-simplex is defined as

𝜎 = 𝑠[𝑣0, …, 𝑣𝑝] : Δ𝑝 → 𝐷

∑
𝑝

𝑖=0
𝜆𝑖𝑒𝑖 ↦ ∑

𝑝

𝑖=0
𝜆𝑖𝑣𝑖,

where 𝑒𝑖 are the standard unit vectors of ℝ𝑝+1. Note that convexitty of 𝐷 implies that 𝜎 is well-defined. The 

barycenter of 𝜎 is defined as

𝜎𝛽 ≔ 1
𝑝 + 1

∑
𝑝

𝑖=0
𝑣𝑖.

In particular, we shall be interested in the identity map 𝜄𝑝 : Δ𝑝 → Δ𝑝 and the corresponding barycenter 𝜄𝛽𝑝 .

Now, 𝐷 being convex, is contractible. In fact, for each 𝑣 ∈ 𝐷, we have a contracting homotopy

𝐻𝑣 : 𝐷 × [0, 1] → 𝐷
(𝑢, 𝑡) ↦ (1 − 𝑡)𝑢 + 𝑡𝑣.

Using the cone construction from earlier, we then get a chain homotopy 𝑆•(𝐷) → 𝑆•+1(𝐷) (Proposi

tion 7.10). Let us denote this chain homotopy as

𝑆𝑝(𝐷) → 𝑆𝑝+1(𝐷)
𝜎 ↦ 𝑣 ⋅ 𝜎.

In particular, the affine simplex 𝜎 = [𝑣0, …, 𝑣𝑝] is mapped to 𝑣 ⋅ 𝜎 ≔ [𝑣, 𝑣0, …, 𝑣𝑝]. Recall from Proposi

tion 7.10 that

𝜕(𝑣 ⋅ 𝜎) = {𝜎 − 𝑣 ⋅ 𝜕𝜎, 𝑝 > 0,
𝜎 − 𝜀(𝜎)𝑣, 𝑝 = 0,

where 𝜀 : 𝑆0(𝐷) → ℤ is given by 𝜀(∑ 𝑛𝜎𝜎) = ∑ 𝑛𝜎.

Let us now inductively define an operator ℬ︀𝑝 = ℬ︀𝑝(𝑋) : 𝑆𝑝(𝑋) → 𝑆𝑝(𝑋) for any space 𝑋, called the 

barycentric subdivision. For any 𝜎 : Δ𝑝 → 𝑋 define,

ℬ︀𝑋
𝑝 (𝜎) = 𝑆𝑝(𝜎)ℬ︀Δ𝑝

𝑝 (𝜄𝑝),

where
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ℬ︀Δ𝑝

𝑝 (𝜄𝑝) = {
𝑖0, 𝑝 = 0
𝜄𝛽𝑝 ⋅ ℬ︀Δ𝑝

𝑝−1(𝜕𝜄𝑝), 𝑝 > 0.

Clearly this is well-defined.

Let us visualize the barycentric subdivision of 𝜄3, the identity simplex of Δ3.

𝜄𝛽3

𝑣0

𝑣1

𝑣2

𝑣3

Barycentric sub-division of Δ3

On each fact, we have the corresponding barycenter. For the 1-simplex [0, 1], the barycenter is the just 

midpoint. The sub-dvision operator is taking the cone over the simplices of the barycentric sub-division of 

the lower-dimensional face. You can see that there are 24 (check!) new Δ3 after subdividing it once.
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