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6.1 Homology of Torus 72 = S! x S! (with Z coefficients)

Suppose H, is a homology theory with H,(x) = Z. Let us now compute the homology groups of the torus
T? = S' x 8! using the Mayer-Vietoris sequence (Theorem 5.2). Consider the following decomposition
T? = AUB.
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Observe that A = B ~ S', and AN B ~ S' U S'. Then, by Corollary 4.2, we have H, (S') = Z = H,(S?),
and all other homology of S' is zero. By Proposition 3.1, we have H, (AN B) = H,(SYY® H,(S') =Z & Z
forx = 0,1, and 0 otherwise. It is easy to obeserve that (4, AN B) < (T2, B) and (B, AN B) < (T?, A)
satisfy the hypothesis for excision, and thus, (T'%;, A, B) is a proper triad.

Let us consider the diagrams

S} —— AnB +—— S} S} ——— ANB +—— S}

| |

S} < » A < > S} Sp < » B < > Sy

which commute up to homtopy. Consequently, we can identify the map ¢ : H, (AN B) — H,(A) & H,(B)
from the Mayer-Vietoris sequence as

Y(z,y) = (z+y,—T—y).

Note that v/ is an injective map. Let us consider the exact sequence
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Asv : Z & 7Z — 7 & Zis injective, we have
H,(T?) = ker(y) = {(z,y) | z = —y} = Z.
Next, we compute H, (T?). Note that ¢ : H,(A) & H,(B) — H,(T?) is given by
p(r,y) =z —y.

Now, using the reduced Mayer-Vietories sequence, we have

-~+H¢®@ﬂu3ﬂiﬁmﬂ)%ﬁMAmByﬁEmM@HMm—+~
YASYA Z 0

We have im ¢ = Z, and thus, injectivity of v gives the short exact sequence

0 — im(p) — H,(T?) = Z — 0.
~——
z

This implies H; (TQ) = 7Z . Finally, again the reduced Mayer-Vietoris sequence gives the exact sequence,

= Hy(A)® Hy(B) — Hy(T?) - H_;(ANB) — -
0 0

Hence, Hy(T?) = Hy(T?) ® Hy(x) = 0@ Z = Z. It is easy to see, H,(T?) = 0 for k > 3 from the Mayer-
Vietoris sequence. Hence, we have computed

(7, k=0
77Tk =1
Z, k=2
0, k>2

(
6.2 Singular Homology Theory
As a first step in defining the singular homology, let us begin with n-simplex.
Definition 6.1: (n-simplex)
The standard (or geometric) n-simplex is defined as
A™ = {(ty, .rt,) ER™ [ £, >0, t, =1}
Denoting e, := (0, ..., 1,...,0) to be the ith standard unit vector in R"*!, we have A" is the convex hull

of {eg, .-, €, }

In the language of category theory, the collection {A,} is a cosimplicial space. Explicitly, recall from
Example 1.3, the simplicial category A. We have a covariant functor A : A — Top given by A(n) = A™.
To describe the morphisms, consider a (weakly) order preserving map « : [m] — [n] in A. Then, we have

Ala) : A™ — A"



In A, there are some special maps. For 0 < i < n, we have the face maps 67 : [n — 1] — [n] given by

[n—1] 0 1 i—1 i i+l n—1

R

That is, d;* is the map that misses i. On the other hand, for 0 < i < n, we have the degeneracy maps o' :
[n 4+ 1] — [n] given by

n+ 1] 0 z' i+1 i+
[n] 0 i+1

That is 0" is the map that repeats  twice. It is a well-known fact that any morphism of A can be written as
finite composition of these ;" and a}n. These maps satisfy some identities, known as the simplicial identities:

n+1 n _ sn+l n ) 1
5,7 0(51 —61 o j—l’ /I/<]7
0_n+100_n_0_n+100_ P
j i — 94 J+1> [RSVE

n—1 n . .
43 °0,_1, 1<},

n—1 n __
aj e b = q 1dpoap, i=j,+1,
5’(1_1 oo™
e e
Denote the face and degeneracy maps
d == A(SP) : A" — A", s = A(o?) : A" — AP

D otiei = D tiesni), D otiei = D tieon(

Definition 6.2: (Singular Chain Complex)

Given a space X, a singular n-simplex is a continuous map o : A™ — X. The singular chian complex
S, (X) of X consists of the following data.

* Theabeliangroup S,, (X) freely generated by all singular n-simplicies. Forn < 0, we have S,,(X) =
0.

* The boundary maps 9,, : S,,(X) — S,,_; (X) defined on a generator o : A™ — X via

n
= E ood?
=1

and then extended Z-linearly.

Any element of S, (X)) is called a singular n-chain, an element of ker(9,,) C S,,(X) is called a singular
n-cycle, an element of im(8,, ;) C S,,(X) is called a singular n-boundary.
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Visual representaion of the boundary map : 0, (A3) is the signed sum of the faces

Exercise 6.3: (Singular Chain Complex is a Functor)

Check that S, : Top — Ch is a functor, where Ch is the category of chain complexes and chain maps.

Hint: Givenamap f : X — Y, define S,,(f)(o) = f o o for asingular n-simplexo : A™ — X, and
extend linearly. Check that S,(f) : S,(X) — S,(Y) is a chain map. Then, check that S,(g° f) =
So(g) ° So(f) and So(IdX) = IdS.(X)

Proposition 6.4: (Boundary in Singular Chain Complex)

0, © 0,41 = 0,and thus, (S,(X), 9) is indeed a chain complex.

Proof : We need to check on generators only. Consider o : A™*! — X. Then we compute

n+1 n+1 n+l n
0,0,.1(0) =0, (Z (—=1)oo d;‘“) = Z (—1)79,, (a o d;.“fl) Z Z 1)i+i (g odit o d?)

7=0 7=0 7=0 i=

_ Z (_1)i+j (Ud;}"—ld?) + Z (— )z—i—g( dn+1dn)

1<j 75t
=2 (DM (edf i) + ) (~1) (od; T d})

1<j J<t
= (1) (odpdn) + Y (1) (od) T dr)

i<y’ J<i
=—> (1) (odptdr) + ) (-1 (od T dr)

i<yj i<y
=0.
Hence, 0,, o 0,,,; = 0. Consequently, (S,(X), 0) is a chain complex. O




Definition 6.5: (Homology of a Chain Complex)

Given any chain complex C, = (C,,, 9), the n™-homology group is defined as the quotient

ker(0,:C, - C,_;)
im(8,,,:C,iq1 = C,)

n

'H (C.) =

n

Remark 6.6: (Cochain Complex and Cohomology)

We shall also consider the following case

an
C*: = C"— O — ...
suchthat 9™t o 9™ = 0. We say C* is a cochain complex, and the n"-cohomology group of C* is defined
as the quotient
ker(@” O™ — C’"+1)
im(g"1:C"1 - Cn)’

H™(C*) =

Observe that given a cochain complex (C*®,0°%), we have a chain complex (D,, 0,) defined by D,, :=
C™,and0, =07 ".

Exercise 6.7: (Homology is an Additive Functor)

Given a chain map f, : C, — D,, define

H,(f)([2]) = [fn(@)],  [z] € H,(C).

Verify that this is well-defined, and H,, : Ch — Ab is a functor. Similarly, H" is a functor as well from
the category of cochain complexes to abelian groups. Moreover, verify that H,, is an additive functor,
i.e, given f,, g, : C, — D,, we have H, (af, + bg,) = aH,(f,) + bH,(g,), for scalars a,b (i.e, a,b €
R=17)

Definition 6.8: (Singular Homology)

Given a space X, the singular n-homology is the n'"-homology group of the singular chain complex
S,(X), and itis dentoed as H,,(X).

Remark 6.9: (Homology is a Functor)

It follows from Exercise 6.3 and Exercise 6.7 that H,, : Top — Ab is a functor as it is a composition of
two functors.

Let us compute an example!



Proposition 6.10: (Singular Homology of a Singleton)

H,(x) = {3 %

n Z, n=0.

Proof : Observe that for each n, there exists a unique map o,, : A™ — x, namely the constant map.
Thus, we have S,,(X) = Z for n > 0. Let us figure out the boundary maps. For n > 0, we have

an(an) = Z (—1)1(0'71 o d?) = Z (_1)1’(0.”71) _ {Jnh n is even

i .
pare prd 0, n is odd

Thus, the singular n-complex S, (x) is given as

1d 0 1d 0
o= 8y — 83 = S — S, =+ 5, =0

e—— S N = =

Z Z Z Z Z
Immediately we get H,, (x) = {% Zig' O

The above shows that singular homology satisfies the dimension axiom from the Eilenberg-Steenrod axioms.
6.3 A Categorical Digression : Product, Coproduct, Kernel, Cokernel

In this section, we re-interpret some notions from algebra in category theoretic language. If it seems too
abstract, you can skip it completely!

Definition 6.11: (Product and Initial Object)
Let € be a category, and {Ai}{iel} be a (possibly empty!) collection of objects of €. The product is then
defined via the following universal property.

The product is an object X € € and a collection of maps m;, : X — A,, such that
given any other object Y’ € € and any other collection of maps f; : Y — A,, there

exists a unique map f:Y — X such that f; =7, o f. We have the following
diagram.

Y

=1

fi

X — A,
T -

7

An initial object in € is a product of an empty collection.

Since product is defined via an universal property, if it exists, it is unique up to unique isomorphism. We have
an alternative, perhaps more useful definition of the initial object.

Exercise 6.12: (/nitial Object)

Show that the initial object of a category C (if exists) can be equivalently defined as an object X such
that given any object Y € €, there exists a unique morphism X — Y.



Example 6.13: (Examples of Product and Initial Objects)

Here a few examples, that one should verify!
* Set : product is the Cartesian product of sets, and initial object is the emptyset.
* Group : product is the direct product, and initial object is the group with one element.

* Top : product is the Cartesian product of the underlying sets equipped with the product topology,
and initial object is the emptyset.

 Top, : product is the smash product, i.e, [[(X;, z;) = l\_/[‘;((’

, and initial object is the singleton.

(3

The dual notion to product is the coproduct.

Definition 6.14: (Coproduct and Final Object)
Let € be a category, and {Ai}{iel} be a (possibly empty!) collection of objects of €. The coproduct is
then defined via the following universal property.

The coproduct is an object X € € and a collection of maps ¢; : A; — X, such
that given any other object Y € € and any other collection of maps f, : A; = Y,
there exists a unique map f : X — Y such that f; = f o+;. We have the following
diagram.

by

fjl
e

y ~

A final object in € is a coproduct of an empty collection.

Again, coproduct (if exists) is unique up to unique isomorphism. Moreover, we have the following useful
characterization of final objects.

Exercise 6.15: (Final Object)

Show that the final object of a category C (if exists) can be equivalently defined as an object X such that
given any object Y € €, there exists a unique morphismY — X.

Example 6.16: (Examples of Coproduct and Final Objects)

Set : coproduct is the disjoint union of sets, and final object is the singleton set.

ADb : coproduct is the direct sum of Abelian groups, and final object is the group with one element.
* Group : coproduct is the free product of groups, and final object is the group with one element.

* Top : coproduct is the disjoint union of the underlying sets equipped with the disjoint union
topology, and final object is the singleton.

* Top, : coproduct is the wedge product of spaces, and final object is the singleton.



We now define the notion of (pre)additive categories, our motivation is the category Ab of Abelian groups.

Definition 6.17: (Pre-additive Category)

A category C is called an pre-additive category if for any X,Y € C we have home(X,Y") is an Abelian
group, and moreover, the composition

home(X,Y) X home (Y, Z) — home(X, Z)

is bilinear. A functor F' : € — 2D between pre-additive categories is called an additive functor if F :
home(X,Y) — hom, (F(X), F(Y)) is a group homomorphism forall X, Y € €.

Proposition 6.18: (Zero Object)

In a pre-additive category C, an object x is an initial object if and only if it is a final object, whence it is
called a zero object

Proof : Suppose x € € is an initial object. Given any X € €, there exists a unique map e : x — X. Now,
home (X, x) is an Abelian group, and hence, we have the zero map 0y : X — . If possible, suppose
f+ X — xis another map. As C is a category, we have Id, : x — %, and as C is pre-additive, we have
0 : x — %. Then, by uniqueness, we have Id, = 0. But then,

f:foId*:fo():OX,

where the last equality follows from the bilinearity of the composition. Thus, there exists a unique map
X — %, which makes x into a final object. Similar argument works for the other directionas well. [

In fact, one can generalize the above. In a pre-additive category, any finite product is a coproduct, and
coversely, any finite coproduct is a product, whence they are called biproduct. Let A, B € € be two objects
in a pre-additive category. Suppose the product A @ B € (€ exists. We have maps

Ae AeB—C4 B

From universal property of product, we get unique maps in the following diagrams.

Observe that,

7TA0(LA°7TA+LB°7TB):IdAOWA+O°7TB:7TA+0:7TA,

and
mgo(tyomy+igomg) =00my+Idgonmg=0+7g=mpg.

Then, from the universal property of the product, we have



tpomatipomp=Idygp.

Next, we check that

A A B+ 5B
is the coproduct. Indeed, forany f : A — C' and g : B — C, consider the map
h=fonmy+gonmg:A® B — C.

Then,

hovy=fompory+gompoty=foldy+goe0=f+0=F,
and similarly,

howg=fompyoigt+gonmgoig=fol+goldg=0+g=g.
Now, consider 6 : A @ B — C be any map satisfying oty = f,0 015 = g. Then,

h=fomy+tgomp==0orgomy+boigomg==0o0(1gomy+igomg)=~0ocldygp=>0.

L L
Hence, h : A ® B is the unique such map. This justifies that A <A ® B <~ > Bisindeed a coproduct.
Similarly, we can show that any finite coproduct is also a product.

Conversely, suppose we have objects A, B,C'andmapst, : A—>C,ig: B—>C,my:C = Ayng:C —
B, satisfying

7TA°LA:IdA,']TAOLB:O,ﬂ'BOLA:O,WBOLB:IdB,LAOﬂ'A—l‘LBOﬂ'B:Idc.

T T La 3]
Then, it follows that A «i C —» Bisa product, and A «— C <— Bis a coproduct.

Definition 6.19: (Additive Category)

A pre-additive category is called an additive category if it admits all finite products (hence all finite
coproducts). In particular, the initial object exists (which is also the final object), and is called the zero
object of the category. Given any two objects X,Y € €, we have the unique zero map 0: X — Y
between them.

Proposition 6.20:

An additive functor (Definition 6.17) between additive categories preserve finite products. In particular,
zero object is mapped to the zero object.

Proof : Let F': C — 2D be an additive functor between additive categories. Firstly, let us show that
F(0¢) = 0. Note thatId,, = 0. Since F is an additive functor, we have Id g ) = F(Idoe) = F(0) =
0. That is, the identity map of F'(0p) is the zero map. But then F'(0o) = 0.,.

Next, let A, B € C. We need to show that F(A&® B) = F(A) ® F(B). Recall that A @ B is both the
product and coproduct. Thus, we have maps 1, : A > A@ B,.g:B—>A®Band7,: A®B —
A,mg : A® B — B, which moreover satisfy

mpoty =Idy,mypotg=0,mgoLy =0,mgoitg=1Idg,typomy +igomg =1Id,gp.



But then applying F' we get the same relations for the object F/(A & B). Hence, F(A @ B) is the
biproduct of F/(A) and F(B). Inductively, it follows taht F' takes any finite biproduct to a biproduct. [

Example 6.21: (Examples of Additive Category)

Category of Abelian groups (and more generally, category of R-modules for a commutative ring R) is an
additve category. The category Ch of chain complexes of Abelian groups (or even modules) is also an
additive category.

Exercise 6.22:

Let R be a commutative ring with 1. Let € be the one-object category with hom-set R. Verify that € is
a pre-additive category, which is not additive.

The goal is to now define (co)kernels, and relate them to monic and epic maps.

Definition 6.23: (Kernel and Cokernel)

Let € be an additive category, and f : X — Y is a map.
* The kernel of fisamap ¢ : ker(f) — X with f o . = 0, satisfying the universal property :

L f
kel;(f) R - given any map g: Z — X with fog=0,
5”55 there exists a unique map §: Z — ker(f)
! 4 such thatto g = g.
Z

* The cokernel of fisamap m : X — coker(f) with 7o f = 0, satisfying the universal property :

X f > Y —"— coker(f)

! given any map h: X — W with ho f =0,
53% there exists a unique map k : coker(f) — W
such that b o ™ = h.

w

In the category of Abelian groups (or modules), the kernel of a map is indeed the 0-set. For a homomorphism

f: X — Y of Abelian groups, we have coker(f) = im?f).

Remark 6.24: (Categorical Image and Coimage)

Since we have defined (co)kernel as a map, we can now define the (co)kernel of them as well. This leads
to the following definition : given a map f : X — Y, the image is defined as ker(coker(f)) and the
coimage is defined as coker(ker(f)). One can show that there is a natural map coim(f) — im(f), and
the first isomorphism theorem states that this map is an isomorphism. In the category of Abelian groups,
the categorical image matches with the set-theoretic image (which is already a subgroup), but in the
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category of groups one needs to take the normal completion of the set-theoretic image (which is only a
subgroup).

Let us now define injective and surjective maps, and relate them kernel and cokernel.
Definition 6.25: (Monic and Epic Maps)

Let f: X — Y be a map in a category C.

* fis called monic (or monomorphism or injective) if given any two maps ¢;,9, : Z — X with fo

* fiscalled epic (or epimorphism or surjective) if given any two maps hy, hy : Y — W with hy o f =

In the category Set, the above definition boils down to the usual definition of injective and surjective set
maps. The categorical definition has the advantage that we do not need to the objects to be a set. Thus, for
example, we can readily define monic/epic chain maps.

Caution 6.26: (Monic, Epic and Iso)

Suppose, f: X — Y admits a right inverse, i.e, there is @ map s: Y — X such that so f =1dy.
Then, f is necessarily monic. But the converse may not be true! Consider the map f : Z — Z given by
multiplication by 2: clearly f is monic, but admits no right inverse. Similarly, any map admitting a left
inverse is epic, but not conversely. By definition, an isomorphism admits both left and right inverse, and
hence, is both monic and epic. In the category of commutative rings, the inclusion Z — Q is both monic
and epic, but it is not an isomorphism!

Definition 6.27: (Abelian Category)

A category C is called an Abelian category if the following holds.

e (is an additive category (i.e, each hom is an Abelian groups, composition is bilinear, and all finite
(co)products exists including the zero object).

* Any map in € has kernel and cokernel (this is sometimes called a pre-Abelian category).

e Every monic map is a kernel of some map, and every epic map is a cokernel of some map (this is
called having nomal monic and conormal epic maps).

The category of modules over a commutative ring is an Abelian category, and so is the category of chain
complexes of such modules! In the literature, following Grothendieck, additional axioms (which deals with
arbitrary (co)products) are added to the definition of an Abelian category. In an Abelian category, a map which
is both monic and epic is necessarily an iso.

11



Exercise 6.28: (Monic and Epic maps in an Abelian Category)

Let f : X — Y be a map in an Abelian category C. Verify the following.
 fis monicif and only if ker(f) = 0.

¢ : ker(f) — X is monic, and thus, ker(ker(f)) = 0.

f is epicif and only if coker(f) = 0.

* 7:Y — coker(f) is epic, and thus, coker(coker(f)) = 0.

e fisaniso < fis both monicand epic < ker(f) = 0 = coker(f).

Note that by ker(f) = 0 (and similarly, coker(f) = 0), one should understand that the object ker( f) is
the zero object, and the map ker(f) — X is (necessarily) the 0 map.

6.4 Snake Lemma

After all the abstract nonsense, let us summarize the takeaway of the previous section! Suppose f : X — Y
is a morphism of modules. Then, there exists an exact sequence

f
0 — ker(f) & X — Y —» coker(f) — 0.

Given a chain map f, : C, — D,, kernel, cokernel, and image of f, can be computed degree-wise, with
naturally induced boundary maps. In particular, we have

fe e
0—-P—->Q,—R,—0
is a short exact sequence of chain maps precisely when
I 9n
0—-PB—-Q,—R,—0

is a short exact sequence for each n. Note that any module A (and in particular 0), can be realized as
a chain complex (concentrated at degree 0) by putting A at the 0*" place, and putting 0 everywhere else
(and necessarily with 0 as boundary maps). Moreover, given any chain map f, : C, — D,, we have an exact
sequence

e
0 — ker(f), — C, — D, — coker(f), — 0

of chain complexes and maps.

We now state one of the most important results in homological algebra!

12



Lemma 6.29: (Snake Lemma!)

Consider the following commutative diagram

f g

> B C

bl lc

> B C’
I g’

where the two rows are exact. Then, there exists an exact sequence

~

(e}

e
IS

~

~

ker(f) — ker(a) — ker(b) — ker(c) A coker(a) — coker(b) — coker(c) — coker(g’),

where 0 is called the boundary map. Moreover, the sequence is natural.

Proof : We have the following diagram

/ ker(a) — ker(b) — ker(c)
ker(f) va—J1 g9 ¢ > 0 0
a b c
0 A —— B —— j@r(g’)
coker(a) — coker(b) —— coker(c)

The blue arrows can be induced naturally. Note that the colored arrows look like a snake! Let us
define the map 0. Say, x € ker(c¢) C C. Since g is surjective, we have some y € B such that z =
g(y). By commutativity, ¢’b(y) = cg(y) = c(z) = 0 = b(y) € ker(g’) = im(f’). Thus, there is some
z € A’ such that f'(z) = b(y). Let us define 9(z) = [2] = z + im(a). We need to show that 9 is well-
defined. Suppose, we have some y" € B such that g(y’) = c. Then, g’b(y") = cg(y’') =0=b(y’) €
ker(¢g’) = im(f’) and so, b(y’) = f'(2’) for some 2z’ € A". We have, g(y —¢') = g(y) —g9(¥') = = —
x=0=y—1y €ker(g) =im(f), and soy —y’ = f(w) for some w € A. Now, f'(z —2") = b(y —
y') =bf(w) = f'a(w). As f’ is injective, we have z — 2’ = a(w). But then [z] = [2’] in coker(a). This
proves that 0 is well-defined. A similar argument shows that 0 is a homomorphism. The exactness of
the sequence is left as an exercise!

As for naturaility, we consider a commutative diagram of the form

13



f B g

Ay > Dy > Gy > 0
/f ‘az /g ‘bz ‘Cz
A, l > B, l > C) l > 0
0 Jal / 4 L’lJ; : Lly .
0 > Al 7 > B] 7 > Cf

where all the rows are exact. Then, the red arrwos determine a commutative diagram of the correspond-
ing 8-term exact sequences. Again, the proof is a diagram chasing argument, and left as an exercise! [J
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