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5.1 Mayer-Vietoris Sequence of a Proper Triad

Before describing the sequence, let us observe the following hexagonal lemma.

Lemma 5.1: (Hexagonal Lemma)

Suppose, we have a diagram of groups, where each triangle commutes.

I Ly
ky yB% ko
Ay Jo Ay

Assume thatker (¢, ) = im(j,) fora = 1,2, j, o ¢y = 0, and ky, k5 are isomorphisms. Then, the left and
right sides of the hexagon differs by a side, i.e, hy o ky o ly = —hy o kgt o [,

Proof : We can apply Lemma 4.10 to the blue part of the diagram. In particular, for any a € A, we can
uniquely write
to(@) = 11 (k3 jato(a)) + o (ki d1eo(a)).
Applying j,, and using j, © ¢, = 0, we have
0 = joto(a) = hoky'jatg(a) + hyki gitg(a) = hoky'ly(a) + hyky 'l (a).

As a € A is arbitrary, we have the claim. O

Let us consider a proper triad (X; X;, X,) with X = X, U X,, andset A = X; N X,,. At the space level, we
have the following commuting diagram.



H,(X,) H,(X,X;) ¢—2 H,(X,,A)
hy, w‘* la. J2x L1k &
L* j* a
Hn(A) ’ Hn(X) ’ Hn(XaA) ? Hn—l(A)
h /é L, e o //{
Hn (X2 wn (X2 | A)
o

As the triad is proper, we have &, , k,, are isomorphisms, which gives the diagonal short exact sequences by
Lemma 4.10. The commutativity involving the boundary maps follows from the naturality of the homology
long exact sequence. The colored arrows are part of long exact sequence of (X, A), (X,, A),and (X, A).
We define a sequence

s By (A) D B(X) @ Hy(X,) s H,(X) 25 H, (4) —

where the maps are as follows:

PY(u) = (hy(u), —ho, (u)), u € H,(A)
P(v1,v2) = my, (vq) + My, (vy), v, € H,(X7),v9 € H,(X5)
A(w) = —=01k1l 1, (w) = Oy} s, (w), w € H, (X).

The definition of A is a consequence of Lemma 5.1.



Theorem 5.2: (Mayer-Vietoris Sequence for Proper Triad)

Given a proper triad (X; X;, X,) with X = X; U X, and A = X; N X,, we have a long exact sequence,

s Hy(A) D H (X)) @ H,y(X,) — H, (X) = H,_ (4) —

known as the Mayer-Vietoris sequence, which is natural with respect to morphisms of triads.

Proof : As usual, the proof requires explicitly checking the exactness at each point.
1. kerp Dimap:Foranyu € H,(A), we have
Wﬁ(“) = gD(hl*(’U,), _hQ*(u)) = ml*hl*(u) - m2*h2*(u) = L*(u) - [’*(u) = 0.
Thus, p o =0 = ker ¢ D im ).
2. ker ¢ C im ) : Suppose ¢(v) = 0 for some v = (vy,v5) € H,(X;) ® H,(X,). Then,
0= j,o(v) = jumq, (v1) + 5.ma, (va) = L1, 00, (V1) + Lo, ng, (Va)

Now, by Lemma 4.10, we have ¢,,, t5, are monic, and im(¢,,) Nim(ey,) = 0. Hence, 1y, (v;) =
0 = n,, (v,). By exactness of the long exact sequence of (X, A) and (X, A) respectively, there
exists uq, uy € H, (A) such that v; = hy,(uq), vy = hy,(uy). In other words,

0= @(v) = myhy, (ug) +mghg, (uy) = ¢, (uy) + ¢, (uy) = ¢, (uy + uy).

Now, u; + uy € ker(¢,) = im 0. Thus, thereis some w € H,,_ ; (X, A) such that 0(w) = u; + u,.
Again by Lemma 4.10, there are (unique) w;, € H, (X, A),w, € H, ;(X,, A) such thatw =
by (wy) + tg, (wy). Then,

Uy + uy = O(w) = Oy, (wy) + Oy, (wy) = Oy(wy) + 0y (wy).
Set, u = u1 - az(wl) = _(UQ - al (wz)) We then have,

by (u) = hy,(uy) _M: vy, ho (u) = —(ho, (us) _M = —Vs.
Hence, ¥(u) = (hy,(u), —ho, (u)) = (v, v4) = v. This proves the claim.
3. ker A Dimp:Forv= (vy,vy) € H,(X;) ® Hy(X,), we have
Ap(v) = A(my, (vy) + my, (vy)) = =01k, my, (v)) + 0yk5 g, My, (vy) = 0.

Thus, Aecp =0 = ker A D im .

4. ker A C im ¢ : Suppose for some w € H,(X), we have A(w) = 0. Thus, 8,k ,} 1, (w) =0 =
05kl 15, (w). By exactness, for a = 1,2, there is v, € H, (X,) such that n,, (v,) = k11, (w).
By Lemma 4.10, we can (uniquely) write

Jo(w) = iy, k3. Joudi (W) + ig, k1) §1,d, (w)
= i1.k2, Lo (W) + Lo, k7 11, (w)
= 01,71, (V1) + 2.7, (v2)
= Jumy, (vy) + Jima, (V).
Thus, w —mq, (vy) — Mg, (vy) € ker(j,) = im(e,). Hence, there exists some u € H,(A) such

that ¢, (u) = w — mq, (vy) — My, (v5). Set, v] = vy + hy,(u), vy = vy. Then

@(v1,v5) = my, (vy + by, (u)) +my, (vy)



= my, (v1) + (W —my, (V1) — My, (v3)) + My, (V) = w.
This proves the claim.
5. kery Dim A :Forw € H,(X), we have
PA(w) = (hy, 05k, )lg, (W), by, 01 k7, 1, (w) = (0,0) = 0.
Thus, o A =0 = kery D im A.

6. kert C im A : Suppose for some u € H,,(A) we have ¢(u) = 0. Thus, hy,(u) = 0 = hy, (u).
By exactness, for « = 1,2 there are z,, € H,, (X, A) such that 9, (z,) = u and 0y(z;) = —u.
Then,

01, (21) + Oty (23) = Oy(w1) + 01 (23) = —u+u=0=13,(21) + 15,(%3) € ker(d) =im(j,).
Thus, there exists w € H,,;(X) such that j, (w) = —¢1,(2;) — t9,(z5). Then,
A(w) = =01 ki) by, (w) = =01y, j1.d.(w)
= 01k7, 1 (g, (1) + 1o, (22))
= 0+ 01 k7, j1ata.(22)
= 01k1, b (72) = 0y (25) = u.
This proves the claim.

Thus, the Mayer-Vietoris sequence is exact. One can easily prove the naturality of the sequence with
respect to maps of triads (Check!). O

5.2 The Suspension Isomorphism

Given a space, recall the (unreduced) cone on X is

X x [0,1]
CX=———
X x {0}’
and the (unreduced) suspension of X is
CX
X =——-—.
X x {1}

It is well known that C X ~ %, i.e, the cone is always contractible. Consequently we have the following.

Proposition 5.3: (Cone on a Space Is Homologically Trivial)

Given a space X, we have CX is homologically trivial, i.e, H, (CX) = 0 for all n.

Let us now prove a fundamental property of (ordinary) homology theory.



Theorem 5.4: (Suspension Isomorphism)

Given a space X, there exists a natural isomorphism H, (XX) =~ H, ,(X).

Proof : Consider A :=¢q(X x [0,3]),B:=q(X x [1,1]) C X, where ¢ : X x [0,1] = £X is the
quotient map. It is easy to see that (X.X; A, B) is a proper triad. Now,

YX=AUBA~CX~%B~CX ~x ANB= X x EZ] ~ X,

From the reduced version of the Mayer-Vietoris sequence, we immediately see that A : H, (XX) —

H, (AN B)isanisomorphism. Since A N B deformation ratracts onto X, we have the claim. O

Corollary 5.5: (Reduced Homology of Sphere)

The reduced homology of the n-sphere is FIk(S”) = 2}0?*7)&nk=n'

Proof : We apply Theorem 5.4. Since S™ = 28", by induction, we only need compute the homology
of S°, which is just two points. By Proposition 3.1, we have H,,(S°) = H,,(x) & H,, (). Then, by the

dimension axiom, it follows that H,,(S°) = {(;’[O(*) :ig. O

5.3 Relative Mayer-Vietoris Sequence

Let us now consider an arbitrary proper triad (X; X;, X5). We have the following diagram.

Hn(Xa Xl N XZ)

h2* h’l*
H,(X,X,) Ja H, (X, X,)
Mo, ~N mq,
Hn (Xa Xl U XQ)
2 0y
52 Hn—l(Xl U X2>X1) 0 Hn 1(X1 U X27X2) 51
dl* d2*
Rix = H, (X;UX,,X;NX,) S
LZ* Ll*
H, (X3, X;NXy) by H, (X,X;NnX,)
s ~ USM

Hn—l (X7 Xl N XQ)

The colored arrows are part of the corresponding long exact sequences of different triples. The isomorphims
K14, Ko, follows from the proper triad (X; U X,; X;, X,). In particular, we can apply Lemma 5.1. Let us define
a sequence

P ¢ A
c— H (X, X;NX,) — H,(X,X;)®H,(X,X,) — H,(X,X; UX,) — H, (X, X;NX;) — -



where the maps are as follows:

Y(u) = (hy(u), —ha, (u)), u€ H,(X,X;NX,)
(,0(’[)1,’02) = ml*(vl) + m2*(’l)2), V1 € Hn(XaX1)7v2 € Hn(Xa XQ)
A(w) = _nl*kl_*lal (w) = n2*k5*182(w)’ w e Hn(XaXl U X2)

Given a proper triad (X; X;, X,), there exists a long exact sequence

Y A

known as the relative Mayer-Vietoris sequence, which is moreover natural with respect to morphism of
triads.
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