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22.1 Fundamental Class

Suppose M is a manifold, and A C M is a closed subset. We consider homology with coefficients in a fixed
Abelian group G (which could as well be a ring). Note that by UCT (Theorem 17.10), we have M, = M, ®
G.Foreacha € H, (M, M \ A;G), we have the following map

J4a): A — A G
T ri(a).

One can see that JA(oz) is a section of M over A. In fact, it has compact support in A. Indeed, choose a
cycle c € S,,(M; G) that represents . Then there exists a compact set K’ C M such that image of singular
simplices in c is contained in K, i.e, c € S,,(K). Forany z € A\ K, we then have the composition

(K;G) —— S, (M;G) —— 8, (M,K;G) —— S, (M, M\ {z};G)

which maps ¢ to 0. Passing to homology, this shows hat(t) 2} (a) = 0. Thus, 7% () has support in K N A,
which is a compact set as A is closed. Thus, 74(a) € T.(A; G) We have the following.

Theorem 22.1: (Sections of Orientation Cover with Compact Support)

Let M be a Hausdorff, second countable n-dimensional manifold, and A C M be closed. Fix a group G
(or an R-module) as coefficents for the homology. Then, the following holds

1. H(M,M\ A) =0fori > n.
2. g4 H, (M,M\ A) — T,(A;G) is an isomorphism.

Proof : The proof technique is like an induction over the complexity over all possible closed sets of M.
For any closed set A C M, let us denote the statements

'Z(A) H,(M,M\ A) =0fori > n.
J(A): g4 H, (M,M\ A) — T_(A;G) is an isomorphism.



The proof now breaks down in to the following steps.

Step 1.

Step 2.

We claim that if Z(A),Z(B) and Z(A N B) holds, then so does Z(A U B). Similarly, if
J(A),J(B)and J(AN B) holds, then so does 7(A U B).

We use the relative Mayer-Vietoris sequence (Theorem 5.6) for the proper triad (M \ (AN
B); M\ A, M \ B) (Check!). We have the diagram

IR

Hn-l—l(M?M\(AmB)) > 0
3 gAuB v
H,(M,M\ (AU B)) » T.(AU B; Q)

- Jtedgt | d
H,(M,M\ A) & H,(M, M\ B) ~ » L(4;,G) © I(B; G)

v gAmB A
H,(M,M\ (AN B)) » T.(AN B;G)

=

The left hand column is part of the relative Mayer-Vietoris sequence. The right hand side
is also a long exact sequence induced by the (usual) Mayer-Vietoris sequence applied to
each stalk (i.e, each fiber). Note that we can define the sheaves Mg ;, = U, Hy (M, M \
{z}; G) for any k, and then, T, (Mg ,,,;) = 0 as each stalk is 0. The commutativity follows
from the naturality of the Mayer-Vietoris sequence. Then, by the 5-lemma, we have 74Y5 is
an isomorphism, proving J (A U)

For any ¢« > n, we have the relative Mayer-Vietoris sequence

o= Hiyy

(M,M\(ANnB)) - H(M,M\(AUB)) - H(M,M\A)® H,(M,M\ B) — -
0 0 0

which proves that H,(M, M \ (AU B)) = 0. This proves Z(A U B).

Call a closed set good if A C U for some chart ¢ : U — R such that ¢(A) C R™ is convex.
We claim that Z(A) and J(A) holds for any good compact sets. Note, M is Hausdorff and
thus, compact sets are closed.

Choose a chart ¢ : U — R™ such that ¢(A) is convex. Fix some z € A, and assume that
w(z) =0,and0 € p(A) C Dn, which can be done by some affine transform and then radially
shrinking suitably. We consider the following diagram

P

H;(D™,8"71) H;(R",R"\ p(4)) +z— H;(U,UNA) —— H;(M,M\ A)

| | | g
Hy(D",5"") — HR"R"\ {0}) «2— H,U,U\{z}) — H,(M, M\ {z})
The commutativity is clear from the space level maps. The arrows are homotopy

equivalences, note that the standard radial homotopy pusshes the convex set p(A) C D" to
the boundary S™ 1. The blue arrows are excision isomorphisms, obtained from excising M \
U. Thus, it follows that r;;‘ is an isomorphism.



Step 3.

Step 4.

Now, for i >n, we have H,(M,M\ {z}) = H,(R*,R*\ {0}) = H,_;(R"\ {0}) =0,
which shows H; (M, M \ A) = 0, proving Z(A).

Next, note that a section of a covering space of a connected set (in this case A) is determined
by the value at a single point. Thus, the isomorphis r;;‘ shows that J4 is a bijection. This
justifies 7(A).

Next, we show that both Z(A) and J(A) holds when A C U, where ¢ : U — R" is a chart,
and A = U%_| K, where K; is a good compact set with respect to the chart map .

Recall that the intersection of compact sets of R™ is again compact. By Step 2, we have
Z(K,) holds for each 4. Inductively assume that Z(K; U ... U K,,_;) holds. Since (K; U ... U
K, ;)N K, is again a good compact set, we have Z((K; U...UK, ;)N K,) holds. But

then by Step 1, we have Z(K; U ... U K,,) = Z(A) holds. Similar argument shows that 7(A)
holds as well.

Next, we claim that both Z(A) and J(A) holds when A C U, where ¢ : U — R" is a chart,
and A is compact.

Firstly, fix any open neighborhood A C W C U. Cover the image of ¢(A) by the interior
of finitely many balls, which are small enough to be contained in o(W). Then, the inverse
images of the closed balls are good compact sets, and their union, say, V' is of the same type
as Step 3. Moreover, V is actually a neighborhood of A (i.e, A is contained in the interior
of A) A C V. C W, where W is arbitrary. In other words, we have arbitrarily small compact
neighborhoods V' of A.

The collection of allsuch A C V' C U forms a directed system. Passing to the colimit, we have
the diagram
colimy H,(M, M\ V) —2— H,(M, M\ A)

7

colimy,J Vl J Al

colimy I, (Mg ;v ) ST I.(Mg,la)
The horizontal maps ® and ¥ are induced by the restriction to K, in particular, the ®
is induced by the collection r%. Commutativity follows from the universal property of the
colimit.

* We check that @ is induced from an isomorphism at the chain level. Indeed, any chain
has a compact support (i.e, it has a compact image). Thus, if there is a chain that is
completely containedin M \ K, thenthereis a sufficiently small compact neighborhood
A C V suchthatthe chainis contained in M \ V. Then, any such chain lifts to the colimit
colimy, S,(M, M \ V), proving the surjectivity. Injectivity, is easy to verify : an element
in the colimit is represented by a chain in S, (M, M \ V') for some A C V, if this chain
becomes 0 in S,(M, M \ A), then it must have been 0 to begin with. Now, a general
fact is that homology commutes with colimit, and hence we get ® is an isomorphism.

* The fact that W is an isomorphism is a general fact about sheaf of sections of covering
spaces. Essentially, surjectivity follows from the fact that any section on the compact set
A can be extended to an arbitrarily small neighborhood of A. For injectivity, one can
show that if two sections defined on some neighborhoods V;, V;, of A matches on A,
then they in fact matches on some smaller neighborhood A C V C V; N V5.



For any ¢ > n, we have colim H,(M,M \ V) =0, as Z(V) holds. As ® is an isomorphism,
we have H,(M,M \ A) =0, proving Z(A). Finally, let us take ¢ = n, which immediately
gives that colimJ" is an isomorphism by 7 (V). Then, 74 is isomorphism, proving 7 (A).

Step 5. We now claim that Z(A) and J(A) holds for arbitrary compact sets A C M.

Indeed, we can cover A by finitely many compact sets, each of which is contained some
coordinate chat. Then, Z(A) and J(A) follows inductively from step 1.

Step 6. Next, suppose A = U°; K, where K is compact, and for each i # j there are disjoint open
neighborhoods of K; and K. Then, we show that 2(A) and 7(A) holds.
It follows from the additivity of the homology theory, that J4 = Z%Ki, and similarly
H,(M,M\ A) =@ H,(M,M\ K,). Since Z2(K;,) and J(K;) holds, we have 4 is an
isomorphism and H, (M, M \ A) = 0for ¢ > n. This shows Z(A) and J(A).

Step 7. Finally, let A be an arbitrary closed set of M. Since M is locally compact, 7, and second
countable, we have compact sets K; suchthat M = U2, K, and K; C K; ;.Set A, = AN
(Ki\ K,_,), with K, = 0. Let

B= ] A, c= | 4.

% is even % is odd

By step 6, 2, J holds for B, C and BN C. By step 1, we conclude that Z(A) and J(A) holds
as well.

This finishes the proof. O

As a consequence of Theorem 22.1, we get the following.

Theorem 22.2: (Orientation along Closed, Connected Set)

Suppose A C M is a closed, connected subset of an n-fold M. Let R be a ring, and G be an R-module.
1. Suppos A is noncompact. then H,, (M, M \ A; G) = 0.
2. Suppose A is compact.

a. If M is R-orientable along A, then H, (M, M \ A;G) = G. Moreover, 72 : H, (M, M \
A;G) — H, (M, M \ {z}; G) is an isomorphism for each x € M.

b. If R = Z, and M is not orientable along A, then
H,(M,M\ A;G) = ,G:={g € G| 29 =0}

Proof : Suppose A is noncompact. Since A is connected, any secion in s € I'(A4; G) is completely
determined by its value at a fixed point z € A. If s(x) # 0, then s # 0 on A. In particular, it support is
A, which is noncompact. In other words, there are no nonzero section with compact support on A4, i.e,
I.(A; G) = 0. By Theorem 22.1, we have H,, (M, M \ A; G) = 0.

Next, suppose A is compact. Then, any section on A has compact support, i.e, H, (M, M\ A;G) =
I.(A; G) =T'(A4;G). Recall, a section is determined by its value at a point. We have a diagram



A
H (M, M\ 4G) —L— 1(4:0)

ré‘l ) lb
H,(M,M\{z};G) T L({z};G)

Here, b is the restriction map. Since A is connected, any section is determined by its value at the point
x, and in particualar, b is injective.

* Suppose M is R-orientable along A. Then, it is G-orientable along A, in particular, there exists s €
I'(A; G) such that b(s) = s(x) is a generator of H, (M, M \ z; G) = G. Thus, b is surjective, and

hence, an isomorphism. This implies, rA is an isomorphism.

* Recall, Mg = M Xz, G, where M c M, is the orientation double cover, and Z, acts on G by
multiplication by —1. Thus, a section of I'(A; G) corresponds to a map A : M — G such that )\ o
t = —)\, where t is the generator of Z,. Since M is not orientable along A, it follows that M|A
is connected, and thus, A must be constant. Thus, image of b is precisely ,G. The commutativity
shows that H, (M, M \ A;G) = ,G.

This concludes the proof. O

For a compact, connected n-fold M, let us restate Theorem 22.2.

s ~

Theorem 22.3: (Orientaion and Compact, Connected Manifold)

Suppose M is a compact, connected n-fold. Then, precisely one of the following holds true.

1. M is orientable, H,, (M) = Z, and for each z € M the map r% : H, (M) — H, (M, M\ {z}) is
an isomorphism.

2. M is non-orietable and H,,(M) = 0.

Proof : Since M is compact and connected, we can take A = M in Theorem 22.2. Note that H,, (M) =
H,(M,0)=H,(M,M\ M). When M is not orientable, we get H,(M) = ,Z={n€Z | 2n =
0} = 0. This concludes the proof. d

In particular, over integers, orientaility (resp. nonorientability) is equivalent to H, (M) = Z (resp. 0). A
consequence of Theorem 22.3 is the following important definition.

Definition 22.4: (Fundamental Class)

Suppose M is a compact, connected n-fold, which R-orientable for some ring R. Then, a fundamental
class (or orientation class) for M is a generator [M] of H,,(M; R) = R.

Note that for each z € M the map r2 : H (M; R) — H, (M, M \ {z}; R) maps a fundamental class [M]
to a generator of H,, (M, M \ {z}; R) = R. When R = Z, we simply denote a fundamental class as [M].

Let us also point out another important consequence of Theorem 22.2.



Proposition 22.5: (Torsion in H,,_,(M))
Suppose M is an n-fold, and A C M is a closed connected subset. Denote 7 C H,, (M, M \ A;Z)
as the torsion subgroup, i.e,
T={a€H, ;(M,M\ A)|na=0 forsome n € Z}.
Then, we have the following dichotomy.

* J =7, if Ais compact and M is nonorientable along A.

e T = (0 otherwise.

In particular, if M is a compact, connected, orientable n-fold, then H,, (M) is a free Abelian group.

Proof : Let ¢ € N be a positive integer. If A is noncompact, then from the relative version of the UCT
(Theorem 17.10), we have the short exact sequence

0 — H,(M,M\ AZ)®Z, — H,(M,M\ A;Z,) — Tor(H,_,(M,M\ AZ),Z,) — 0.
0 0

That the groups are 0 follows from Theorem 22.2. But then the Tor term vanishes. In particular, the
group H, (M, M \ A;Z) has no g-torsion. As g is arbitrary, we get T = 0 for A noncompact. If M is
orientable along a compact set A, again applying Theorem 22.2 to the short exact sequence we have

0— H,(M,M\ AZ)®Z, — H,(M,M\ A;Z,) — Tor(H,_,(M, M\ 4,Z),Z,) — 0.

Z Zq

That is,

0— Z, — Z, — Tor(H, ,(M,M\ A;Z),Z,) — 0.

As the sequence splits, it follows that the Tor term vanishes. As g is arbitrary, we again get 7 = 0.

Now, suppose A is compact, and M is nonorientable along A. For ¢ odd, we have oLy = {g €Z, | 2¢ =
0} =0, as 2 is invertible in Z . Hence, by Theorem 22.2, we have H,, (M, M\ A;Zq) = 0 for ¢ odd.
Thus, from the UCT sequence, we have 7 has no odd torsion. Moreover, with G = Z,, we have ,Z, =
{r € Z, | 2z = 0} = Z,, and hence the sequence

0— H,(M,M\ A;Z)®Z, — H,(M,M\ A;Z,) — Tor(H, ,(M,MN\ A;Z),Z,) — 0.
0 Zy

This shows that
Zoy =Tor(H, (M,M\ A;Z),Z,) = Tor(T,Z,) ={xz € T | 4z = 0}.

Since J has no odd torsion, it follows that any element has finite order, which is a power of 2. But ,J
implies that there can only exists a unique element in 7, which then must have order 2. Thus, T = Z,,
as claimed. O

22.2 Cap Product
Modifying the cochain level cup product, we get the cap product. Given a ring R, define

~: S*(X;R) ® S (X5 R) — S,(X; R)



by the following formula. For k-cochain ¢ : S, (X) — R, and a singular simplex o : AR+l 5 X, define

('0 o= s0<(T|["]07“‘7"]lc]>O'|[’Ulcv"ﬂ'ukJrl]’
and then extend R-linearly. In fact, we define —~: S*(X;R)® S, (X;R) — S,,_(X; R) by setting it 0

whenever n < k.

Proposition 22.6: (Properties of Cap Product)

Let € SP(X;R),vy € S9(X; R) be cochains, and o : A™ — X be a simplex. The cohain level cap
product satisfies the following.

1. 8(p ~ o) = (—1)F(p ~ 0o — 6pp ~ o).

2. (p—9) ~o=p~(p~o)

3. (p—)(0) =9(p ~0),forn=p+gq.

4. 1 ~ o0 =o0,wherel: Sy(X) — Risthe constant map 1.

5. Forany f : Y — X, and simplex 7 : A™ — Y, we have
f#(f#SO — 7') = f#T,
where f# : §*(X) — S*(Y) and f, : S,(Y) — S,(X) are the respective induced map.
Consequently, cap product induces the cohomological cap product
~ H¥X;R)® H,(X;R) — H, . (X;R)

which makes H, (X; R) into a graded H*(X; R)-module.

Proof : The proves are via explicit computation.

1. Let us assume n > k. In fact, for n = k, the LHS and RHS are zero. So we can taken > k + 1. We

compute
25 do = 25 (Z (_1>i0-‘[UO,...,ﬁi,...vn})
=0
= (_1)190 — CTl[vo ,,,,, Do)
=0
k . n .
= Z (_1)1(10(0-|[vo,...,f)i,...,v,Hl])U|[vk+l,...,vn} + Z (_1)190(0—“1)0,...,1),6])0—'[karl,,..,f)i...,vn}
1=0 i=k+1
k+1
= §0< (_1)10-‘['00 ..... Dyyeensy vk+1]>a|[vk+1 ..... v,] ( 1)k+190<0-’v0 ..... vk}>0|[vk+1 ..... v,,]
=0
k i—k
+(_1) 90(0-’[110 ,,,,, vk}) ( Zk:l (_1) |[vk+1 ..... vz,..,vn])
i=kt

= 90(30| [UO,..A,%H])U| [hrtsetn]

= 5§0<0’[vo,...,vk+1])U‘[Ukﬂ,...,vn] + (_1)k(p(o-’[vo,...,vk}) (Z (_1)io-’[vk,...,f)k+i,...,vn]>

=0

= ~ 0+ (=1) 0 (y...0,1) (90 .. 0,1



= 580 ~ 0+ (—l)ka(go(ahvo,.,,,vk])J|[’uk,...,vn])
=8p ~ o+ (=1)*(p ~ o)

Thus, we have, d(¢ —~ o) = (=1)*(¢ —~ 8o — §p ~ o)

2. Again, let us assume n > p + ¢. We compute
(p ) ~ 0= (&~ ) (0l [u,.r0,,0] )1 [0 0s0n]
= (1 fugr,] )Y (o 0] )N o]
= 01 fogrep) ) (¥ ~ oy 0] )
=(p ~ @~ 0)).

3. We compute

(o~ 9)(0) = ¢(0l1og,..0])  P(lfur . 00])
= w(SD(Cﬂ [vo,...,vp] ) ’ U| [vp,..‘,vn] )
=P(p ~0)

1. We have

l~0= 1<U|[u0]>0|[u0,...,u =1gp-0=o0.

n]

2. Forany f:Y — X, we have
f#(f#SO — 0') = f# (f#(P(0'| [vo,...,vp] )0| [vp,...,vn]>
= o(£20l[0g,.0,] ) (F 20l po,, 0]

prrUn

This concludes the proof. O

Exercise 22.7:

Define the cochain level cap product as

v € SP(X;R),0 € 5,,,(X;R).

Y 0= (_1)pq¢(0| ['UO,.A.,'UP] )0| [,U[v p

] )
ervpta]

Verify that d(p —~ o) = 6p —~ o + (—1)¥lp ~ 0.

The cap product is actually the adjoint of the cup product. To see this, note that we have the Kronecker pairing
(,)H*(X;R) ® Hy(X;R) = R
induced by the map

():S*(X;R)® S, (X;R) - R

8



p®0 > p(o)

By definition, d¢ (o) = ¢(d0), which means (dp, o) = (¢, Do), which justifies that the (co)chain level pairing
gives rise to the Kronecker pairing (see also Remark 17.4). Then, from Proposition 22.6, we have the following.

Proposition 22.8: (Cap Product is Adjoint of Cup Product)

Foranya € H?(X;R),8 € HY(X;R),z € H,,,

(o~ B,2) = (B, ~ 2).

That is, o — _is adjoint to o —~ _ with respect to the Kronecker pairing.

(X; R), we have

Let us also define the notion of relative cap product. Given a pair (X, A) with ¢ : A < X the inclusion, we
have following diagram

Id® .
0 ——— SH(X) ®5,(4) — SK(X)®S,(X) ——— S5(X) ®5,(X,4) ——— 0
R Id i
S(A) ® S,(A) ~ '~
0 ————— S, (4) > S, k(X) > S, k(X A) ———— 0

by

Since we are tensoring a split exact sequence 0 — S, (4) — S,(X) — S,(X, A) — 0 by S*(X), it follows
that both the rows are exact. The commutativity is a consequence of Proposition 22.6. Hence, we have the
induced relative cap product

~:SHX)® S, (X,A) = S, (X,A).
One can verify that these pass to cohomology, giving the relative cap product
~ H¥X;R)® H,(X,A;R) — H, ;(X,A;R),
which makes H, (X, A; R) into a graded module over H*(X; R).

On the other hand, we have the following situation. Given a ring R, we can define
~: SH(X, A;R) ® 8,(X, 4) = 5, (X)

as follows. For relative k-cochain ¢ : S;.(X, A) — R and an n-simplex ¢ : A™ — X not contained in A, we
have

p o= <p<0|[v0,..4,vk] + Sk(A)> Oy,
One can check that this gives the relative cap product

~: H*(X,A;R) ® H, (X, A4;R) = H,_(X; R).



Exercise 22.9:

Verify that given a pair of maps f:(X,A) — (Y,B), we have f,(ffa ~z)=a ~ f,(z) for
a€ H(X,A),z€ H(X,A). Also, check that (o — f,2) = (a,8 —~ 2z) for a« € HP(X;R), €
HY(X;R),z € H,, ,(X;R).

p

More generally, for an excisve pair (A4, B), i.e, for S,(A) + S,(B) < S,(A U B) is a chain homotopy equiv-
alence, we have a relative cap product

~: H*(X,A;R)® H (X,AUB;R) —» H_,(X,B;R).

22.3 Cohomology with Compact Support

Given a space X, the collection of all compact subsets of X forms a directed system via inclusion. Given
compact sets K C L C X, we have amap rX : H*(X, X\ K) — H*(X, X \ L) given by the inclusions.
Passing to the colimit (or direct limit), we define the cohomology with compact support
H:(X):= colim H*(X,X\K).
K c X

compact

If X is compact, it follows that H2(X) = H*(X).

Exercise 22.10:

Denote S7'(X) to be the module generated by those n-cochains ¢ for which there exists a compact K C
X such that ¢ vanisheh for any singular simplex not completely contained in K. Verify that S2(X) is a
cochain complex with the usual boundary map, and H*(S2(X)) = H2(X).

Let us point out that in general, amap f : X — Y does not induce a map in the cohomology with compact
support. Indeed, for any compact set K C X, we have f(K) C Y is compact, but we don’t necessarily get
F(X\K)CYN\ f(K).

Exercise 22.11: (H? is a Functor for Proper Maps)

Recall, a map f: X — Y is called proper if f‘l(L) C X is compact for any L C Y compact. Verify
that given a proper map f: X — Y, there exists a well-defined map H(f) : H3(Y) — H2(X). In
particular, H; is a contravariant functor when restricted to the class of proper maps.

Hint : Given a proper map, for any compact set L C Y, we have the composition
f~L:H(Y,Y\L)— H*(X, X\ f‘l(L)) — colim H*(X, X \ K).

Verify that for L; C L, C Y, we have f*2 o rfi = f*I1, so that we can pass to colimit.

Let us note that for an open subset U C X, where X is T, we have a canonical map H?(U) — H?(X).
Indeed, for any compact set K C U, note that (U,U \ K) < (X, X \ K) induces an excistion isomorphism
H*(X,X\K)— H*(U,U \ K). Naturality of excision isomorphism shows that the maps

H*(U,U\K) = H*(X, X\ K) = H*(X)

10



are compatible with restrictions. Hence, passing to the colimit we get a map H?(U) — H2(X).

Example 22.12: (Compactly Supported Cohomology of R™)

Take U = R™ C S™ as the complement of a point z € S™. For any K C U compact, there exists a
contractible compact neighborhood z € L C S™ such that K N L = (). Indeed, we can take L to be a
small closed disc centered at = and disjoint from K. Since L is contractible, we have H*(S™,S™ \ L) —
H*(S™) is an isomorphism. Hence, passing to colimit, we get an isomorphism H?(U) = H*(S™). In
particular,

HER™) = Z, k=n
¢ )0, otherwise.

The above example shows that the compactly supported singular cohomology may not coincide with the
usual one if the space is noncompact.

22.4 Poincaré Duality

Suppose M is an R-orientable n-fold. Fix a section { € I'( M) representing the orientation. For any compact
set K C M, we have the restriction | € I'(Mg|x) = I[.(Mpg|x). By Theorem 22.1, we have the isomor-
phism 5 : H (M,M\ K;R) — I.(Mg|x). Denote ;,x € H"(M, M \ K; R) as the element whic maps
to (| under FX. Recall that 75 () = rE(¢|x) € H,,(M, M \ {z}; R) for any = € K. Using the relative
cap product, we have a map

_~{x  HY(M,M\ K;R) - H,_,(M;R)
o @~ (k-

Note that here (M \ K, () is obviously excisive. For K C L C M compact subsets, we have the inclusion ¢ :
(M,M\ L)~ (M,M\ K).Note that 7 = +*, and (;; = ,(;.. Then, from Exercise 22.9, we have

7'2(80 ~ ¢ =1d, (e ~ () =90 ~i( = ¢ ~ (k-
Thus, passing to colimit, we get a map
P:HI(M;R)— H, ,(M;R).

This map 2 is known as the Poincaré duality map. In particular, if M is compact, we have

~[M]g

P:HYM;R)—— H, ,(M;R),

where [M]y is the fundamental class of M.

Theorem 22.13: (Poincaré Duality)

Suppose M is an R-orientable n-fold for some ring R, with a chosen orientation ¢ € H,,(M; R). Then,
the Poincaré duality map # : HI(M; R) — H,,_,(M; R) associated to ( is an isomorphism.

Let us point out an important consequence.
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Proposition 22.14: (Non-degenerate Pairing)

Suppose M is an R-orientable compact, connected n-fold for some PID R. Assume that H,(M; R) is
finitely generated. Then, there exists a non-degenerate pairing

() HP(M;R)  H"?(M;R)

induced by the cup product. If R is a field, the pairing is H?(M; R) ® H" P(M;R) — R

— R

Torsion Torsion

Proof : Fix an R-orientaion ¢ € H,,(M; R). Then, using the Kronecker pairing, we have a pairing
(,) : HP(M;R)® H" 9(M;R) — R
a® B (a— B,¢)

Say aw € HP(M;R) is a torsion element, i.e, ra =0 for some 0+ r € R. Then, for any S €
H™P(M;R) we have

r(a— B) = (ra) — g =0.

Since R is an integral domain, we must have a — [ = 0. This shows that the above pairing descends to
a pairing modulo the torsion elements.

Let us now prove the nondegeneracy. Given any finitely generated R-module IV, we have EXtR(N,R) is
torsion, i.e, every element is annihilated by some nonzero element of R. This follows from the structure
theorem of finitely generated modules over a PID R and basic properties of Extp. From the UCT
(Theorem 17.11), we have the split exact sequence

0 — Ext(H, ,(M;R),R) — H*(M; R) — homp(H,(M;R), R) — 0,

where the hom is free. Thus, Ext(H,_,(M;R), R) is precisely the torsion submodule of H*(M; R),
and the free part is represented by the dual of H,(M; R). In particular, for any [a] € H;érlgof) there is

a unique a € H,(M; R) such that a(a) = 1. By Poincaré duality, there exists some 5 € H" P(M; R)
such that 5 —~ ¢ = a. Now, we have

(@, 8) = (~)IIB(E — a,¢) = (~1)1Pl{a, B ~ ¢) = (~1)IFl(a, a) = (~1)I81 £ 0.

Thus, the pairing is nondegenerate in the first variable. By the graded commutativity of the cup product,
it then follows that the pairing is nondegenerate in both variables.

If R is a field, then the torsion submodule is 0, and so is the Ext(H,(M;R),R). In particular,
H*(M;R) = hom(H,(M;R), R) holds. Then, the nondegeneracy follows. O

The existence of this nondegenerate pairing leads to quick computations of some cohomology rings. As an
example, let us give a proof of Theorem 21.16.
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Proposition 22.15: (Cohomology Rings of Projective Spaces)

We have the cohomology rings

1, H*((CIP’"- Z) = X]/(X"*l)with 1X| = 2.
2. H*(  Z) = Z[X]/(X™1) with | X]| = 4.

*(@IP’", Z) = Z[X]/(X™1) with |X| = 8,and n = 0,1, 2.
a. H*(]R]P’",Z) = Zo[X]/(X™1) with | X| = 1.

Proof : Using cellular (co)homology and UCT, we already have the isomorphism of graded modules in
each of these cases.

Let us consider CP™. It is orientable; fix the fundamental class ¢,, € H,,,(CP™;Z). Inductively, assume
that H*(CP" 1, Z) = Z[X]/(X™) with |X| = 2. By cellular homology, we have ¢ : CP"~! < CP"
induces isomorphism in homology with degree < 2n (Example 12.5), Then, by UCT (Theorem 17.11), we
have i* is isomorphism in cohomology in degree < 2n.

Suppose a € H?(CP"; Z) is a generator. Then o/ = t*a € H?(CP"!;Z) is a generator. By induction,
(/)" ! is a generator. On the other hand, (/)" = t*(a™). Since ¢* is an isomorphism in degree <
2n, we must have o™ is a generator of H2"2(CP"; Z).

By Theorem 11.14, we have some 3 € H?"~2(CP"; Z) such that (o, 8) = 1. We write 3 = ma™ for
some integer m. Then,

1= {o,B) = (a,ma™!) = m{a,
which forces m = +1. Consequently, we have
1=x{a,0") = £(a— a7, (,) = +a"((,).
Consequently, o™ must be a generator of H2" (CP™; Z). This proves the claim for CP™.

Similar argument works for HIPP", and for OP" (for n = 0, 1, 2). For RP", we work over the field Z,,
where we again have the nondegenrate pairing since any manifold is Z,-orientable. O
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