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19.1 The Cup Product

Let us revisit the Kiinneth theorem for cohomology. Suppose C,, D, are some arbitrary chain complex of R-
modules, and denote the dual cochain complexes C* := homg(C,, R), D* := homy(D,, R). We have a map

homz(C,, R) ® homp(D,, R) — homp(C, ® D,, R)
PRY > (Zcz Qd; - Z@(Ci) w(dz))

In general, this map is not an isomorphism. But if both C,, D, are free, it is an isomorphism. This is precisely
the first map in Theorem 18.4, called the algebric cohomological cross product

X3 . P(C*) @ HY(D*) — HP*((C, ® D,)").

Exercise 19.1: (Dual of Tensor)

Let M, N be R-modules, and C,, D, be chain complexes of free R-modules. Then there exists a natural
isomorphism

hompy(C,, M) ® p homy(D,, N) — homg(C, ® D,, M ® N).

This leads to a Kiinneth theorem in cohomology with coefficients.

Now, let X,Y be fixed spaces. Given a choice of EZ-map, say, AWy y : S, (X xY) — 5,(X) ® S,(Y),
dualizing we have a cochain map

AW y (S, (X)®S,(Y)) = S*(X xY).
Definition 19.2: (Cohomology Cross Product)

Given two spaces X, Y, the cohomology cross product is defined as the composition

HP(X) @ HO(Y) 225 HPH((S,(X) © 5,(Y))") —ms HPH(X x V),

where we consider cohomology with coefficients in a ring R.



Note that the definition is independent of the choice of the EZ-map since any such choice are chain homotopic
and hence induces identical isomorphism at the cohomology level.

Definition 19.3: (Cup Product)

Given a space X, consider the diagonal map A : X — X x X. The cup product on X is defined as the
composition

A*
—: HP(X) ® HY(X) > HP+(X x X) = HPH(X),

where we consider cohomology in a ring R.

We shall see computations of cup product in spaces, which shows cohomology as a vastly greater tool in
distinguishing spaces.

Remark 19.4: (Cup Product in Homology?)

In homology, we have the cross product H,(X) ® H, (X) — H,, (X x X). But the diagonal map
induces A, : H,, (X) — H,, (X x X), which goes the wrong way. Thus, we cannot define a map

H (X)® H,(X) — H,, (X).

p+q
One might ask: what about a coproduct H,,(X) — > H,(X) ® H, (X)? Even this may fail! Recall
that for a PID, the Kiinneth theorem in singular homology (Theorem 18.10) gives the split short exact
sequence

0—- P H(X)®H;(X) = H,(XxX)—» & Tor (H(X),H;i(X))—D0.

i+j=n =l

Since the sequence is split, we can define a composition

A*
H,(X)— H,(XxX)~ P H(X)®H;(X),
i+j=n
where the red arrow is a choice, and moreover, the choice is not natural as the splitting is not natural.

Thus, in general we do not have coproduct in homology. Of course, if the Tor term vanishes (e.g, when
working over a field) we do have a coproduct.

If (X, ) isa H-space (i.e, X is a based space with a map p: X x X — X such that p|x,x =~ Vx:
X V X — X), we do get an induced map

s
(XxX)—>H

p+q

H,(X)® H,(X) > H

p+q

(X).

This product is known as the Pontryagin product. This is important, e.g, when X is the loop space of
another space; loop space is an H-space with the concatenation product.

We have the following useful relations between cup and cross product.



Proposition 19.5: (Cup and Cross Product)

let f: X' — X,g:Y’ — Y be continuous map. Then, the following holds.
1. (f x g)*(a x B) = fra x g*Bfora € H*(X), 8 € H*(Y).
2. ax f=nxa—nyffora e H(X),5 € H(Y).
3. f(a— B) = fra— fBfora,Bc H(X).

Proof : The proofs essentially follow from definitions.

1. Since the short exact sequence in the Kiinneth theorem for cohomology (Theorem 18.12) is
natural, it follows that the comological cross product is also natural. In particular, (f x g)*(a X

B) = frax g*B.
2. We have,
o — my B = Ay, y (Txa X 73 5)
= A%y (mx X my) (a0 x )
= ((mx x my) e Axyy) (@ x )
= Id%,y (o x B)

=ax .

3. We have,
fla—B) = f*A*(a x B)
= (Ae f)*(axp)
= ((f x f) o A)*(a x B)
= A*(f x f)*(ax )
= A*(f*a x f*B)
= ffoa— f*B.

Proposition 19.6: (Properties of the Cup Product)

Given a space X, the following holds for cohomology with coefficients in a ring R.
1. (Associativity) :a — (b — ¢) = (a — b) — cforanya,b,c € H*(X; R).
2. (Graded Commutativity) : a — b = (—1)*[tlp — a fora € HI*/(X; R),b € H(X;R).
3. (Unitality) : 1 — a=a=a— 1foranya € H*(X; R). Here 1 € H°(X; R) is the cohomology
class induced by the map 1 : S°(X) — R taking every O-simplexto 15 € R.

Proof : The proofs are consequence of the properties of the EZ-maps (Theorem 18.6). O

As a consequence, we now have the following.



Definition 19.7: (Cohomology Ring)

Given a space X and a ring R, the cohomology ring of X is defined as the graded module H*(X; R) =
@ H'(X; R), equipped with the cup product. It is a unital, associative, graded commutative algebra
over R.

19.2 Cochain Cup Product

The importance of cup product warrants some explicit computations! Recall that at the level of cochains,
using the Alexander-Whitney map, we have the cup product

—: 87(X; R) ® SU(X; R) — SP™9(X; R)
0@ (0 0(0lug,,]) V(O fuynyn]))

1 Uptq

We shall prove Proposition 19.6 via explicit computation involving this cochain level cup product.

Proposition 19.8: (Cup Product is a Chain Map)

We have a chain map —: S*(X; R) ® S*(X; R) — S°*(X; R). Explicitly, for homogenous elements
0,9 € S*(X; R), we have

5(p — ¥) = b — P+ (—1)I¢lp — &y,
As a consequence, we have the induced cup product

—: H?(X;R) ® H1(X; R) — HP'1(X; R).

Proof : Let o : APT9*1 — X be a singular (p + ¢ + 1)-simplex, and p € SP(X; R), v € S9(X; R). We
compute

(¢ — ¥)(0) = (¢ — ¥)(d0)

p+q+1 .
= (90 ~ d]) ( Z (_1)20-‘ [Uo ..... D;yeeny vp+q+1])

=0
p+g+1 .
= Z (—1)1<(P ~ ¢><0-|[vo,...,fii,~-7vp+q+1])
=1
P
:Z(il)i@<o—|[”’n ¢ ¢ \1}) 1/)<O—H’ SRR ”1‘1‘1}>
1=0
p+ag+1
+ 3 C1o(olr) Kot
i=p+1



1=p+1
p+1 A
= [Z(—l)”@(a[% 5. DHI})] V(1o 1prend])
1=0
p+qg+1
+(=1)P (0l b0 ]) - [ > CVPy(olp,, ., ])]
i=p
p+1 _
= (Z (=1)’o| [v(),...,i‘“....v1)+l}> 3o {v,>+,,...,v,,+(,+,])
=0
q+1
+(_1)p(’0<0| [7)()7"'77)}7]) Y <Z <_1>i0-’ (Vs Dpies 1’p+q+1]>
1=0

= 90(0(0\ [Um.‘.,qu) : ’l/)(0| [/UI,H,..A,/UZ,MM])
Uo:msvp] ) ’ w(aa‘ ['Up='~'ﬂ’p+q+1} )

-----

= (0p — P)(0) + (=1)P(p — 0¥)(0)
= (6p — Y+ (=1)Pp — ¢)(0).

Since o was arbitrary, we have the claim.

As for the induced map, if both ¢ and v are cocycles, it follows that ¢ ~— ) is also a cocycle, and similarly,
if they are coboundaries. Hence, we get the induced cup product at the cohomology. O

Next, we check associativity and unitality.

Proposition 19.9: (Cochain Cup Product is Associative and Unital)

The cochain level cup product is associative and unital. Consequently, so is the induced cohomological
cup product.

Proof : Let ¢ € SP(X; R), ¢ € S7(X; R),( € S"(X; R) are cochains, and consider o : APT4T" — X
be a singular (p + g + r)-simplex. Then, we compute

(o~ )~ ()(0) =

Since o is arbitrary, we have (¢ —) — ¢ = ¢ — (1 — (). This proves that the cochain level cup product
is strictly associative, and so is the cohomological cup product.



Next, consider the cochain 1 : S,(X) — R which sends every 0-simplex to the unit 15 € R. For a p-
cochain ¢ € SP(X; R) and a singular p-simplex o : A? — X, we compute

(=~ 1)(0) = ¢(0l[g,.01) - 1(0lp,)) = (0) - 15 = p(0),

(1~ 0)(©) = 1(0ly)) - ©(0l[ugy]) = Lr - 2(0) = 9(0).

Thus, 1 — ¢ = ¢ = ¢ — 1, which shows that 1 is the unit for the cochain level cup product. Hence, we
get the induced unit for the cohomological cup product. O

The final claim is about commutativity.

Proposition 19.10: (Cochain Cup Product is Not Commutative)

Let X be a space and R be commutative ring. Then, the cochain level cup product on S*(X; R) is not
commutative, but the cohomological cup product on H*(X; R) is graded commutative.

Proof : Let us define a map of degree —1, called the Steenrod cup-1 map,
—1: S (X;R)® S*(X;R) —» S*(X; R)

as follows. Say ¢ € SP(X; R), € S4(X; R) are cochains, and 7 : APT9~! — X be a singular simplex.
Define

(p W) = 3 (D@Dl imend) P (Tl )

0<j<p

Next, say o : APT? — X is a singular (p + ¢)-simplex. We compute

6(¢ —1 %) (o)
= (¢ =1 ¥)(90)
pt+q .
=Y (=D 1 V) (lfug, 000,04 )
i=0
= 3 (~1FDery [ DI G V] (2T SR ) R O [N
0<j<p 0<i<j
+ Z (_1)i90(0-|[vo,...,vj,vj+q+1 ..... vp+q]> '¢(U|[vj,...,ﬁi,...,vj+q+1])
J<i<j+q
D DR G VL NP ) BT (o w)]
J+a<i<p+q
Next, we have
dp ~—1 P(0)
- Z (_1)(p+1_j)(q+1)5¢<0-|[UO’""UJ"Uj+q""’vp+q]) .1/}(O'|[’Uj"”’vj+q])
0<j<p
J
= Z (_1)(p+1fj)(q+1) ( (_1)i90(0-|[v0,...,6i ..... ViU gy Upy ])
05%p — JrVitq p+q



p
+ Z ( 1)1+190(0-’ ['UO ..... VjsVjpgseDgpises vp+q])) ¢<0| [7)3 ..... v]+q])
i=j
p .
= (el (90(0\[vq,...,vp+q]) +;(—1)”190(0\[v0,vq ..... @q+i,...,vp+q])> (1 fugr0])
j+1
+ Z (_1)(p_3)(q+1)z(_1)1S0<0'|[v07 Uiy Vjt15Vj4g41> 7Up+q]> w( |[ G+1s ?UJ+q+1])
0<5<p =0

0<j<p i=j

= (=1)PtDEr) (g — ¢)(0)
+ Z )(g+1)

J
< ..... Dyyeees V13 Vjp gt s vp+q]> ’ ¢(U\[vj+1 ..... vj+q+1])
0<j<p z=0

+ ) (—1)(p_j)(q+1)(—1)”180(0'![vo ,,,,, 0525 girros vp+q])'¢(ff\[vj+1 ..... vj+q+1])

0<j5<p
+ Z (_1)(p—j)(q+1) Z (_1)i90<0-’[v0 ..... V)i U gl Ug s vp+q]) ’ ¢(U‘[vj ..... vj+q])
0<j<p J+a<i<p+gq

(=120 (0l pyy,01) - P (o 00])
= (=1)PV@ () — p)(0) + (=1)P*(p — ¥)(0)

)(g+1) ) .
+ ) (- 90< ,,,,, Do Vsa1 Ui gst s vm]) ¢(U\[vj+1 ..... UMH])

J
0<j5<p z=0

+ ) ((L)ePE (ol o vp+q]) '¢(U\[vj+1 ..... vj+q+1])

(

+ Y (D@ 1tg(oy, o vp+q]) '¢(0\[vj ..... vm])

0<j<p
+ Z (_1)(p—j)(q+1) Z (_1)i90(0-’[v0 ..... )0ty oo vp+q]) ’ w(a‘[vj,...,vj+q]>
0<j<p J+g<i<p+gq

= (=DP*((p — ) (o) = (=1)PU(¥ — ¢)(0))
+ Y, () ( BB Dt st vm]) -1/)(0\[% ..... vj+q+1])

J
0<j<p z=0

+ ) (e 3 (_1)7;90(0-’[vo,...,vj,vj+q,...,ﬁi ..... vw])'¢(0|[vj,...,vj+q])

0<j<p J+a<i<p+q
(g+1) j+1 .
+ > (eI Do (alp oo 1) (Ol )
0<j<p
(g+1) j+
+ Z N (—1)7 qw(al[vo» V) Vgl M]) "[’(U'[vw-wvm])
0<75<p
Finally,
@ ~—1 09Y(0)



DD G L C T .1 T

0<j<p
q+1
= > () D( 0]y, vy vprerreapra] ) (Z <—1>w(a|[Uj,u.,%,...,%ﬂ]))
0<j<p i=0
J+ag+1
= 3 (V" D%(0l4, vy i) (Z (1ol ... 0., ])>
0<j<p i=j
= (_1)p Z (_1)(p—j)(q+1) Z (_1)i(‘0<0.|[v0 ..... V3 Vipqttses vp+q]) 'd}(ay[vj ..... Dy yeny vj+q+1]>
0<j<p Jj<i<j+q
+(_1)p Z (_1)(1) et )(_1)390(0"[1)0 ..... vj,vj+q+1,...,vp+q]) 'w(a’[vj+1,...,vj+q+1])
0<j<p

+(1P 3 (e et ) ()

0<j<p
Then, it follows that
6(p =1 ¥)(0) — (6p ~—1 ¥)(0) — (=1)P(p =1 6¢)(0)
= (=1 (p — ) (0) — (=1)P(3p — 9)(0).
In other words,
p—¢— (1P — ¢
= (_1)p+q+1(5(90 —1 Y) —0p —1 P — (=1)Pp — I9).

This implies that, passing to cohomology, the cup product is graded commutative! O

Remark 19.11: (Cup-i Product)

More generally, one can define the cup-i product as a map —,: SP(X) ® S9(X) — SPT9¢(X). They
were originally defined by Steenrod in order to define the Steenrod square operations on cohomology
with Z,-coefficinents. Generalizing even further, one gets to the notion of E/__-algebra structure on the
cochain complex S*(X).
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