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15.1 Resolutions

The definition of projective and injective objects make sense in any category via the diagrams. More inter-

estingly, they make sense in any Abelian categories via the exactness of the hom functors. This leads to the
following definition.

Definition 15.1: (Enough Projective and Enough Injective)

An Abelian categroy A is said to have

* enough projectives if given any A € A there is an epimorphism 7 : P — A, where P € A is a
projective object, and

* enough injective if given any A € A there is a monomorphism +: A < I, where I € A is an
injective object.

The category R-Mod has enough projectives, since we can easily construct epimorphism from free (and
hence, projective) modules. R-Mod has enough injectives as well, although it is considerably harder to prove
and involves the axiom of choice.

The point of resolving an object (or amap) in a category is to replace it by something equivalent which behaves
well with computation. As a concrete example, recall that in Theorem 11.9 we say that given any topology
space Y, there is a CW complex X and a map f : X — Y such that f is a weak homotopy equivalence. CW
complexes are well-suited to compute singular homology (Theorem 13.18), and homology remains invariant
under weak homotopy equivalence. Thus, the CW approximation theorem gives a resolution in the category
of topological spaces. To make this precise, one needs the notion of model category, where one can perform
(co)fibrant replacement of maps and objects. We shall focus on the category Ch = Ch(R) of chain complexes
of R-modules.

Definition 15.2: (Left and Right Resolution)

Given an R-module M, a left resolution is an exact sequence
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which we express as C, — M — 0. Similarly, a right resolution is an exact sequence
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which we express as 0 — M 5 D,. The map ¢ is called the augmentation map.

The R-module M can be realized as a chain complex concentrated at degree 0. Thus, a left resolution C, —
M — 0 can be understood as the chain map

d d
v o, —2 0, —2 s o, —% 5 g
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The fact that C, 5 M — Oisan exact sequence is equivalent to the fact that the chainmape, : C, - M isa
chain equivalence. Thus, getting a resolution is to replace the object M by a chain equivalent complex, which
is exact everywhere except at degree 0. Note that if C, S M 0 and D, - N — 0 are two resolutions,
thenC, ® D, — (¢ +1n7) - M & N — 0is again a resolution.

Definition 15.3: (Free/Projective/Flat/Injective Resolution)

&
Given an R-module, a left resolution C, — M — Qs called a free resolution (resp. projective resolution,
flat resolution, injective resolution) if each C,, is a free (resp. projective, flat, injective) module. Similarly,
we define free/projective/flat/injective right resolution.

In practice, we are interested in free/projective/flat left resolutions, and injective right resolutions.

Proposition 15.4: (Existence of Projective and Injective Resolutions)

Given any R-module M, there exists a free (and hence projective) left resolution and injective right
resolution. If R is a a PID, then there is a free left resolution 0 — F; — Fy — M — 0.

Proof : Thereis an epimorphisme : F, — M, where F; is afree module (e.g, take Fy = f[M]). Let Ky =

ker(e) and get an epimorphism d; : F; — K. Then, we have an exact sequence F; = Ey 5 M — 0.
Inductively continuing we have a free resolution. If R is a PID, then K|, is free being a submodule of a
free module (Proposition 14.7), and hence we can simply set F; = K.

Since R-Mod has enough injectives, we have an injection 0 — M 5 1, where I is an injective module.
Set L, = coker(M — ) and get monomorphism é, : L, — I;, where I, is injective. Composing, we

dO
haved, : I, — Ly — I;.Then,0 — M 5 I, — I is exact. Continuing inductively, we have an injective
resolution. O

In general, in any Abelian category with enough projectives, we have projective left resolutions. Similarly, if
the category has enough injectives, we have injective right resolutions. As an example, the category Sh of Ab
-valued sheaves over a topological space have enough injectives, which leads to the Godement resolution,
but in general Sh does not have enough projectives.

In any case, the existence of a resolution is not unique as we made choices at each step. Thus, we need to be
able to compare different resolutions.



Theorem 15.5: (Comparison of Resolutions)

n
Let P, 5 Mbea projective resolution of M, and (), — N be any resolution of N.Say, f' : M — N is
a given map. Then, there is a chain map f, : P, — @, such that the diagram commutes

€

> P > B, > M > 0
fll fol f’l
% > Qo 1 » N > 0

Moreover, any such chain map is unique up to chain homotopy. In fact the statement remains true under
the assumption that P, is just a chain complex of projective modules.

Proof : The proof is via induction. Denote P ; = M,Q_; = N and f_; = f’ for notational convenience.
Assume that f,, is constructed so that the diagram commutes

Pn+1 ’ Pn ’ Pn—l o ’ PO 2 > M > 0
fn—i—l E fnJ/ fn—l\l] fol J(f/
Qn—l—l ? Qn ? Qn—l IS ? QO n » N — 0

Denoting the cycles Z,, = ker(B, — B, ;) and W, = ker(Q,, — @,,_;) it follows that we have an
induced map

0 >y Z, > P, » P,
lf 7/1, f nJ( f n—lJ(
0 Wn ) Qn ’ anl

Sicne @, is a resolution, we have an exact sequence Q,,,; — W,, — 0.Since F,_, is projective, we have
a lift

Pn+l
i d
fn—i—l : Zn
; lfé
Qn-i—l ? Wn > 0

Clearly, f, . satisfies the chain map condition. Thus, inductively we can get a lift. Note: we only used
the fact that the differential d : F,,; — F, mapsinto Z,, i.e, F, need only be a chain complex.

Next, suppose g, : P, = @), be another lift. We inductively construct the chain homotopy s,, : B, —
Qp41- For n <0, we can set s,, = 0. Indeed, for s_; : P.; = M — Q,, we check n0 =0 = f" — f".
Consider the diagram



g

F, > M > 0
50,/// Q//// /
R fo(/)go R f
ne” K’
Q, > Qo > N > 0

n

Note that n(f, — go) = (f' — f')e =0, and thus, fy, — g, : By = Z, = Z, := ker(n). Since Fy is proje-
cive, and since ); — Z; — 0 is exact, we have a lift s, : B}, = @); such thatds, = f, — g,. Inductively
assume that s, : B, — Q) ; has been constructed for k < n. In particular, we have

fn—9,=ds,+s, d=ds, = f,—9, — S,_14.
Let us compute
d(fn—l—l —9ny1 — Snd) = (fn _ gn)d - ((fn — gn) - sn—ld)d =0.

Thus, f — g — sd lands in W,, = ker(d : Q,,,1 — @,,). But since P, is projective and @, is a resolu-
tion, we havealifts, ., : B, ; — Q, . Clearly this fits together as a chain homotopy. This completes
the proof. O

As a corollary, we have the following.

Corollary 15.6: (Resolutions are Unique Upto Chain Homotopy Equivalence)

Given two projective resolutions P, = M and Q, 5 M, there is a chain homotopy equivalence f, :
F = Q..

Proof : Using Theorem 15.5, we can lift Id , to get two chainmaps f : P, =+ @, and g : Q, — F,. Then,
ge f: F — FliftsId,; as well. But Id : F, — F, is trivially a lift. Hence, again by Theorem 15.5, we
have g o f is chain homotopic to Id 5 . By the same argument, we have f o g is chain homotopic to Id .
Consequently, f is a chain homotopy equivalence, with inverse g. O

The next lemma gets its name from the shape of the diagram!



Lemma 15.7: (Horseshoe Lemma)

"

let0 - A" - A — A” — 0 be a short exact sequence of R-modules. Suppose P/ %, Aand P’ 5

A” are two projective resolutions of A’ and A” resppectively. Then, setting P, := P, @ P yields a
(=1

projective resolution P, — A. Moreover, we get the commutative diagram

0 0 0 0

L

&
. }132/ )131/ s A’ s 0

[ A A B

v
X

where each column is a short exact sequence, and each row is exact.

Proof : Since B’ is projective, we can lift ¢” to a map B’ — A. As F, is the direct sum Fy & R/, we
can take the sum of the map By’ — A with the map &’ to get the map ¢ : B) — A. Then, we have the
commutative diagram

0 0 0

l L,

l L

0 0 0

The left column is induced naturally and it is a short exact sequence by the snake lemma (Lemma 6.29).
Since P/ and P are exact everywhere, we have the diagram, where the column is exact.

We can now continue inductively. This completes the proof. O



Remark 15.8: (Explicit Formula for P, — A)

Let us justify an explicit formula for the differential appearing in the resolution P,. Let us write in the
matrix form

£\ B B
d, = u” g” P — O .
%/ Bl B

Following the construction in Lemma 15.7, we see that f,, = d/,, u,, = 0 and g,, = d_. In other words,

d A
d= (0 d,/> forsome A\, : P/ — P _,.

Exercise 15.9: (Comparison and Horseshoe Lemma of Injective Resolution)

State and proof the comparison theorem and the horseshoe lemma for injective right resolutions.

15.2 Left Derived Functors and Tor

Let us fix two Abelian categories A, B, so that .4 has enough projectives. In particular, we can consider A =

R-Mod and B = S-Mod. Let F' : A — B be a right exact additive functor. Given A € A4, fix some projective
g

resolution P, — A. Then, the i left derived functor of F is defined as

L F(A) = H;(F(F,)) = Hi(-- = F(R) = F(R) = F(K) = 0).

(3

In other words, if we consider a projective resolution to be a chain complex --- =+ P, — R, — 0 with a weak
equivalence e : P, — M, then the left derived functor is precisely the homology of P,. Note that a priori, the
definition depends on the choice of the projective resolution.

Proposition 15.10: (£, F' is a Well-defined Functor)

L, F : A — Bis awell-defined functor (up to isomorphism).

Proof : Suppose @, 1> A is another projective resolution. Then, by Corollary 15.6, we can lift Id 4 :
A — Atoachainmap f: B, — @,, which is unique up to chain homotopy (hence gives same map at
homology), and moreover, which is a chain homotopy equivalence (hence gives homology isomorphism).
In particular, H,(f) is a uniquely defined isomorphism, which justifies that £, F'(A) is well-defined.

Givenany ¢ : A — B, we can again use Theorem 15.5 to get a chainmap ® : P, — @,, which induces a
map H;(®) : £,F(A) — £,F(B).As ®isunique up to chain homotopy, it follows that H,(®) is uniquely
defined. Thus, we have £, F () = H;(®) : £,F(f) — £,F(B). Let us check £, F' is actually a functor.

* Since Id 4 lifts to identity chain map, it follows that £,F'(Id 4) = Idg¢_p(4)-
!
®*Say, A— B i C is given. Get reolutions P, —» A,Q, —» B, R, — C, and lifts F': P, — Q,, G :

Q, — R,and H: P, — R, of f,g, and g o f respectively. Now, G o F'is also a lift of g o f, and
hence, G o F'is chain homotopic to H. Thus, £, F(ge° f) = £,F(g) o £,F(f).

Thus, we see that £, F(A) is defined up to a canonical isomorphism. Moreover, the composition also
holds true, compatible with these isomorphisms. O



Remark 15.11: (Derived Functor and Choice)

As noted, £, F' is only defined up to isomorphism. To make it a true functor, we need to fix a projective
resolution for each object, which is moreover functorial. This is possible in most model categories. As
an example, when working with R-Mod, given any R-module M, we have a canonical free resolution
0 — F, =ker(e) > F) 5 M — 0, where F, = F(M) is the free module generated by M (as a set). It
is easy to see that any f : M — N induces a natural map

0 — K(M) — K{(M) — M — 0

A o) il

0 — F(N) — Fy(N) > N

S

Thus, £, F'is a uniquely defined functor here.

Since F is right exact, given any resolution P, — M, we have F(P) — F(R) — F(A) — 0is exact. Hence,

ker(F(R) — 0)
im(F(P) = F(R))
F(R)

) ker (F(PO) ) (A))

LoF(A) = Ho(- = F(R) = F(R) = 0) =

= F(A).

Thatis, £,F = F naturally. The goal of derived functor is to measure the failure of exactness of the functor F'.

s N

Theorem 15.12: (Long Exact Sequence of Left Derived Functors)

Let F': A — B be a right exact additive functor between Abelian categories, where A has enough
projectives. Then, given any short exact sequence 0 - A —+ B — C — 0 in A, there exists a natural
long exact sequence

s £,F(A) = £,F(B) = £,F(C) > £, F(A)— = £,F(C) > £,F(A) — £,F(B) — £,F(C) = 0
F(A) F(B) F(C)

Proof:let(0 — A" —- A — A” — 0beashort exact sequence. Get projective resolutions P/ °, A’ and
P’ 5 A”.Using Lemma 15.7, we get the projective resolution P, 5 A, sothat0 — P/ - P, — P —
0 fits together as a short exact sequence. Now, 0 — P, — B, — P — 0 splits by Proposition 14.16.
Hence, 0 — F(P)) — F(P,) — F(B) — 0 is a (split) exact sequence. Thus, we have a short exact
sequence 0 — F(P)) — F(P,) — F(P/) — 0 of chain complexes. By Lemma 6.29, we get the long
exact sequence of homology

o £F(A) > £,F(B) > £,F(C) 5 £, F(A) > -

We need to justify he naturaility of the boundary map 4. Consider the commutative diagram of short
exact sequences

0 y A/ > A > A7 > 0
J(f/ J(f J(f//
0 > B/ > B > B’ > 0




" /

Get projective resolutions P/ E—/> A, P/ & A", Q. l) B, Q! 77—> B” by Proposition 15.4. Next, using
Theorem 15.5, lift f’ and f” tg chain mapsnF,/ : P/ - Q.and F : B — Q.. Using Lemma 15.7, get
the projective resolutions P, — A and Q, — B, so that we have the short exact sequences 0 — P/ —
P, - P’ —0,and0 — Q. — Q, — Q. — 0. We need tofillin F, : P, — @, lifting f : A — Bsothat
the following diagram commutes.

0 R/ P. P.// U
\K K 8”
L T
0 > A —2 > A > A” > 0
E ’ F, ! »
f f f
0 Q. Q. Q. 0
Y X n”
~ L v T ~
0 » B —~ » B —= » B > 0

Note that every square in the above diagram commutes, provided F, have been constructed. We
construct a map ,, : P/ — @, so that written in a matrix form, we have

. o Q
— n Tn 5 s
B

Recall that P, = P, @ B and Q,, = Q,, ® Q... Now F needs to be a lift of f. So, no F = f oec must
hold. Restricting to the summands, we get the equations

felpy = v K, felpy = gm0 +1lgy F-
The first relation is already satisfied as Fj is a lift of f/, and hence,
fE‘PO’ = fiae’ =1pf'e’ = 1pn' K.

For the second relation, we need to find v, : By — @ such that

g’ o = felpy —nlgy Fo -
Note that

B (f5|PO” - 77|Qg Féll) = f”7TA€|PO” - WB"‘Q({ F = f"e" —n"F =0,
and hence, we have a well-defined map
B:=15 (felpy —nlqy B') : B = B".

As Fy' is projective, we can now get a lift 7, in the diagram

PO//
Yo e
.
K/
Q) — B’ > 0




Thisimmediately gives . g0’y = g8 = fe|pr —nlqs Fy', asrequired. Next, for F'to be lifted to a chain
map, we require dF' = F'd. Using Remark 15.8, we get

. o (d XN\ (F v F' v d A
0=dF — Fd= (0 d//)(o F//) - (0 F//) (0 d//)
_ (d'F" d'y+ AF” - F'd” F'\+~d”
- 0 d//F// 0 F//d//
B dF —F'd d’q/—'yd” + \F” — F’/)\
- 0 d//F// _ F//d//
Thus, inductively, we need to solve for v,, : 7 — @, such that
d/7n = /Vn—ld” + /\nFr:, - F7:—1)‘n‘
We compute,
d' (Vp1d” + A B — F 1 A) = (Vpod” + A1 By — By o), 1)d”
+d'\ F) — F,_d'\,
— )\'I’Lfld”F’r:/ - F,n{72>\n71d” + d,)‘nFr;, - F’I"l{*QdIATL
= (Apad” +d' X)) — F_ (A, 1d” +d'A)
= (@A + Aua @) (B — Fip) =0,

where the last equality follows from 0 = d? = (Cg 27;) (do/ ’\g;l) = d'\,_1 + A,d". Thus, we have

the map
B, =7, d" + N\ E/ —E'_\, : P’ = ker(d') C Q,_,.
Now, there is a lift y,, : B/ — @), such that the diagram commutes

”
- Pn

-
-
-
,-Y o
n _-
- }3
- n
-
-
-
-

k
Q. —7 im(d") = ker(d") —— 0.
Clearly, this lets us define F, : P, — @, so that we have a commutative diagram of short exact sequences

0 > P/ > P, » B/ > 0

\[E/ J/R J/P://
0 — Q. Y Q—— QL —— 0

But then the naturality of the boundary map in Lemma 6.29 shows that the boundary map in the long
exact sequence of derived functors is also natural. O

One of the most useful right exact functor that appears in the category of R-modules are the tensor functors.
Definition 15.13: (Tor Functor)

The left derived functors of the (right exact) tensor functor . ® p N : R-Mod — R-Mod is called the Tor
functors, and is denoted as Tor?(_, N) : R-Mod — R-Mod.

9



Example 15.14: (Group Homology)

Let G be a group, and R be a ring. One defines the group ring R[G] as the free R-module generated
by G (as a set), along with the multiplication (dec rgg> . (ZheG shh) dec Egng ( gl)g
This makes R[G] in to an algebra over R. An Z[G]-module is known as a G-module. Now, given an R[G]
-module M, define the coinvariants as

Mg =M/{me M |g-m=m,Vg e G}.

This defines a functor (.) : R[G]-Mod — R[G]-Mod, which can be verified to be right exact. The left
derived functors of the coinvariants is denoted as H,(G, M), the group homology of G with coefficients
in the R[G]-module M. One can naturally identify M = R ®pg|g M, where Ris given the trivial R[G]-
module structure: (Z rgg) r = ) r,r.In other words, taking coinvariants is same as taking the tensor
product R ® gy _- Thus, group homology is essentially a Tor functor, i.e, H,(G, M) = TorR[G} (R, M).

Exercise 15.15: (Tor over PID)

Let R be a PID. Given R-modules M, N, show that Tor?(M, N) = 0 for n > 2. In particular, over a
PID R we can simply denote Tor?(_, ) := Tor1 (_,_). Moreover, when R = Z, we can simply right
Tor(_,_) == TorZ(_, ).

Since M ® : R-Mod — R-Mod is also right exact (by the symmetry of the tensor when R is commutative),
we can left derive M ® _ as well and get another definition of the Tor functor. It turns out the two defini-
tions match, and is known as balancing the Tor, i.e, £,(_®g N)(M) = TorF(M,N) = £,(M ®p _)(N).

Commutativity of R also leads to the isomorphism Tor” (M, N) = TorZ(M, N) for all n > 0.

Exercise 15.16: (Computation of Tor)

Compute the following.
1. TorZ(Z, Q) for any Abelian group G.
2. TorZ(Z/aZ,G) for any Abelian group G and a > 1.

Hint : Given an Abelian group G and an integer a, we have two subgroups:
* oG ={g € G | g = ah for some h € G}, i.e, the subgroup of elements divisible by a.
.G = {9 € G| ag = 0}, i.e, the subgroup of elements of order dividing a.

Check that Z/aZ ® G = aG and Tor(Z/aZ,G) = ,G.

TorZ(Z/aZ,Z/bZ) for a,b > 1.

TorZ/4%(7,/27., 7./2Z) where Z/27Z is given a Z/4Z-module structure in the obvious way.
TorZ/"™2(Z,/aZ, 7./bZ), where a, b, > 1 are integers, and lcm(a, b) | 7.

Tort(M, N) for a flat R-module M, and arbitrary R-module N.

TorZ(Q, G) for any Abelian group G.

Tork (V, W) for a field k, and k-modules V., W.

o N @ W S W

10



Remark 15.17: (Tor over Noncommutative Ring)

Let R, S, T be arbitrary rings (possibly noncommutative). We can treat the tensor as a bifunctor
_®g _: R-S-BiMod x S-T-BiMod — R-T-BiMod.

It follows that _ ®¢ _ is right exact in both places, and one can define the (left) derived Tor functor as
Tor? : R-S-BiMod x S-T-BiMod — R-T-BiMod,

which is also balanced.

Corollary 15.18: (Long Exact Sequence of Tor)

Let0 - A — B — C — 0be ashort exact sequence of R-modules, and N be a fixed R-module. Then,
there exists a natural long exact sequence

- — Torf (A, N) — Torf (B, N) — Tor(C,N) = Ay N - Br N - C®r N — 0.
Moreover, if R is a PID, then we have the 6-term long exact sequence

0 — Torf(A,N) — Torf(B,N) — Torf(C,N) = AQz N - Bz N - C® N — 0.
Proof : The existence of the long exact sequence is immediate from Theorem 15.12. When R is a PID,

given any R-module M, we have a long exact sequence 0 — 0 — P, — K, 5 M, which shows that
TorZ (M, N) = 0 for n > 2. This justifies the 6-term exact sequence. O

11
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