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13.1 Homological Degree and Cellular Boundary Formula

In order to compute the cellular boundary map, we need to understand the notion of the degre of a self map
of a sphere.

Definition 13.1: (Degree of a Self-map of a Sphere)

Given a map f : S™ — S™, the homological degree of the map d(f) is defined to be the integer such
Z, *x=n

that H,(f) : H,(S™) — H,(S™) is given as the multiplication by d(f). Recall, H,(S™) = {0  horwise.

Exercise 13.2: (Properties of Homological Degree)

Verify the following.
1. If f~g:S8" — S™ are homotopic, then d(f) = d(g). In paarticular, if f is null-homotopic then
d(f) =0.
2. Given 8™ i) SiS", we have d(go f) = d(g) - d(f).
3. If f: S™ — S™is a homeomorphism (or even a homotopy equivalence), then d(f) = +1.

4. What are the possible degrees of a map $° — S0 ?

Let us show some other interesting properties of the degree. Let us first re-interpret the suspension isomor-
phism. Given the sphere S™, denote the two hemi-spheres by D} . Then, we have two maps

s, : (DE,S”_I) < (8™, D7), s_: (Dﬁ,S”‘l) < (8™, D),
given by reflection about the equator. These give rise to the suspension isomorphisms

~ 0 Hk(szt) j* ~
0y By y (S77) e Hy (D}, S") ——— Hy(S", D) «—— H;,(S™).

Exercise 13.3: 1

Verify that 9, j, and H, (s, ) are indeed isomorphisms! |

Consider the diagram



y 62(/\)

Hy(S", D7) S L H(S", DY)
¥ o
% = Hk(Sn,Snfl) ~ %
S V '52(4%) 3

H, (D", 8™ 1) d H,(Dr, 8™ 1)

H(S™1)
Using Lemma 5.1, it follows that o, = —0o_.

Proposition 13.4: (Degree of the Antipodal Map)

Degree of any reflection map S™ — S™ about an hyperplane through origin is —1, degree of the
antipodal map 7 : S™ — S™is (—1)"*1.

Proof : Consider the map t:S™ — S™ which reflects about S™7', i.e, t(zy,...., T, Tpiq) =
(@1, .., Ty, —T,y 1) Itiseasytoseethatt,o, = o_ = —o,,and hence, d(t) = —1.In particular, degree
of any reflection about an hyperplane through origin is —1, since any two such reflections are homotopic.
The antipodal map n : S™ — S™ can be written as (n + 1)-fold composition of reflections. Hence, it
follows that d(n) = (—1)"*1. O

Next, we compute the degree of the suspension of a map.

Proposition 13.5: (Degree of Suspension)

Let f: S — S"beamap,and Bf : ST = ¥,§" — ¥.9" = §™*1 be the suspension. Then, d(Zf) =
d(f)-

Proof : Consider the pair (C'S™, S™) and the quotient map ¢ : (CS™, S™) — £S™ = S™*1. Theinduced
map of (C'f, f) in the quotient is precisely the suspension X f. By Theorem 10.14, I:I*(q) is an isomor-
phism, also the boundary map for the pair is the suspension isomorphism. Naturality of the boundary
map gives the commutative diagram

i Hyy(0) o
Hk+1(Sn+1) — Hk+1(05n7sn) I Hk(Sn)

H,(Zf) H,(Cf, ) Hy(f)

Hp 1 (S™) +—— H,,(CS™,S™) —— H,(S™)
Hy,q1(q) 0

The commutativity forces that d(f) = d(Xf). O



Exercise 13.6: (Constructing Map of Specified Degree)

Given any integer k € Z and n > 1, constructa map f : S™ — S™ such thatd(f) = k.

Hint : Start with the k-fold map S' — S! and then suspend it (n — 1)-times.

Next, we prove a formula to compute the degree of a map via local degree. Let f: S™ — S™ be a map.
Suppose, there exists y € S™ such that f~1(y) is a finite set, say, f~'(y) = {x,, .., 7, } C S™. By continuity
of f, we can fixopensetsy eC V C S"andz; € U; C f~1(V) C 8", suchthat V; N V; = () for i # j. Now,
f(U;\z;) C V\iforl<i< k. Wehaveacommutative diagram

H, (U, U\ ;) — L H,(V,V\)
= a; =
H, (5", 5"\ a,) <L H,(S%, 57\ [ () —> H, (57, 5"\ )
=~ J =
H,(S™) 7 > H,(S™)

The blue isomorphisms are via excision, and the red isomorphisms follow from long exact sequence as S™ \
p is contractible for any p € S™. In particular, the two homology groups on the top row are then isomorphic
to H,(S™) = Z via the isomorphisms. The other maps are induced from obvious space level maps, which
gives the commutativity.

Definition 13.7: (Local Degree)

The local degree of f : S™ — S™ at z;, denoted as d(f)|
xz;) — H,(V,V \ y) via multiplication.

. is the integer that gives the map H,(U,,U;, \

x

Local degree is independent of choice of U, and V, and thus, it is indeed local. If f maps U; homeomorphically
onto V, then d(f)|$i = 41. In practice, this situation appears many times, which helps us to compute the
degree of a map using the next proposition (e.g Exercise 13.9).

Proposition 13.8: (Degree is Sum of Local Degree)

Let f : S — S™ be such that f~*(y) = {zy, ...,z }. Then, d(f) = Y2 d(f)],,-

Proof : We again consider the diagram



H, (U, U\ 2;) —2— H,(V,V\y)

/ a; l@
A i

H,(S", 8"\ a;) D H (5", 8"\ f~L(y)) —2— H,(S", 5"\ y)

2 J (7

7

H,(S"™) " H,(S")

It follows via excision that
k k k
H,(S™ 8"\ f! <|_| UU\x)%EBHUU\x)
=1 =1 =1

Moreover, the inclusion of the i summand is via the map g;, and the projection to the i** summand is
via the map p,. Thus, we have the equation

> ayi'p =1d

Fix a generator z € H,, (S™). This gives generators z; := @; "1, for H, (U;,U; \ x;), and generator
= ¢ 19(2) of H,(V,V \ y). By definition of (local) degree

f(2)=d(f) -2 f(z)=d(f)l, - 2
We compute,
d(f) - $(2) = ¥1,(2) = £,3(2) = £,(O_ 6070, i(2) = Y efuei i(2) = (D £.(2))
=o(>_d(f) ZO) =Y " d(Dla, - 2(20) = D dF)a, ¥(2)-

Since 9 is an isomorphism, we get the formula d(f) = >_d(f)l,. . O

Exercise 13.9: (Constructing Map of Specified Degree)

Consider the fold map szl S™ — S™,and the “diagonal” map S™ — vf;l S™. One way to construct the
diagonal map is to first fix £ many distinct points and their disjoint neighborhoods, and then collapsing
the complement to a point. Verify that the composition S™ — vle S™ — S™ has degree k. Composing
with a reflection about a hyperplane gives a map with degree —k.




Example 13.10: (Cell Decomposition of RPP™)

Let us give a cellular decomposition of RIP”, similar to Example 12.5. Recall, RIP™ is the collection of lines
inR"*1 je, RP" = R"“/N, where x ~ \x for A = +1. Restricting to unit vectors, we equivalently get
RP"™ = S™/_, where z ~ y if and only if (z,y) are antipode points, i.e, y = —z. We can realize RP"
as the orbit space of the S° action on S™, where the nontrvial map is the antipode map, i.e, RP" =
S™ /S0, Clearly RP? = {x} is a singleton.

In order to get a cell decomposition, observe that there is a canonical inclusion RP™ < RP"*! induced
by the inclusion R**1 < R™*2 as the hyperplane with last coordinate 0. The points in RP**! \ RP™
represents the lines that are uniquely determined by a point in the, say, upper hemishpere Dﬁ“ =
{(zgy ey Tpiq) € ™ C R | 2,4 > 0}. Thus, we see that RP"*! is obtained from RP" by
attaching a single (n + 1)-cell. Explicitly, we have the characteristic map

®: D" —s RP™H

X — [xo sty i/l — ||x||2},

where x = (), ..., z,,), and |x||? = 3_ 2. The attaching map ¢ = ®|gn+1 is in fact the universal (dou-
ble) cover. Immediately, it follows that RP* = RP® U, D* = S*, where ¢ = ®|g0_sp: is the attaching
map, which is just the constant map.

13.2 Cellular Boundary Formula

Using Proposition 12.1, for each (n + 1)-cell Eg“, and each n-cell Eg, we have components of the map 0,
denoted as

m(a, B) : Hyp, (DR, 87) — Hy (D3, S57Y).
Observe that we have the composition

Pa

q [
(e, B) : ST —— X" — X" /(X" \ B}) «—— Dp /Sy,

Fixing a homeomorphism «,, : D"/S™"1 — S™, we have the composed map

K otla, B) : Sy — Sg
as a self-map of spheres. We now give a formula for the cellular boundary map in terms of the degree of self-
map of spheres. Indeed, we identify m(«, /3) as the degree d(k,, o ¢(«, 5)).

It is easy to see that m(a, ) oo : H,(D?,S" 1) — H, ., (D, S") — H, (Dg, Sg_l) is nothing but
multiplication by d(«, 3). Here o is the relative suspension isomorphism.



Lemma 13.11: (Relative Suspension Isomorphism)
Given a pair (X, A), we have isomorphisms

H,(X,A) = H, (X x 0TUAXI,Xx{0}UAxI) & H, (X xI,Xx8[UAxI),

where the first map is given by identifying (X, A) with (X x {1}, A x {1}), and the boundary map is
from the triple (X x I, X x I UA x I, X x 0U A x I). The composition is denoted as oy 4

Proof : The first map is an isomorphism since we can excise out X x {0}, and then use a strong
deformation retract. The boundary map is part of the exact sequence, where the groups H, (X x I, X x
{0} U A x I) =0 since the inclusion X x {0} UA x I < X x I is a homotopy equivalence (both
deformation retracts onto X x {0}). But then by exactness, J is an isomorphism O

Let us now describe the cellular boundary formula via homological degree.

Theorem 13.12: (Cellular Boundary Formula)

We have a commutative diagram

m(a, B) I
Hk+1(Dg+l>Sg) g Hn(Dﬁ’Sﬁ 1)

81 J(qﬁ)*

H,(D5/557")

k(52) (e B).

~

Consequently, given a relative suspension isomorphism o : H, (D", S™ ') — H, (D" S™), we
have m(a, B) o o is multiplication by the degree of the map «,, o t(;, 8), provided d o 0 = () © (45)
holds.

*

Proof : We have the following diagram, where the solid arrows are commutative

Hk+1(Xn+1,Xn) L ﬁk(Xn) L Hk(Xn,anl) L) I:Ik(Xn/anl)

(%)W% ]\(%)*

~ (),
Hon(D¥1,57) —5— BL(S2) —— B (X7, X0\ e5) —2s 2, (x7/37\ )

2 0 T (pa),

| (2), |2 2| (¢p),

| "l5) 1,(D, S57) ——— H(Dp/s3)
i |
S TSt ; i,(s1)

Note that m(a, () is given by following the blue arrows, whereas ¢(«, ) is given by following the red
arrows. This gives the commutativity of the diagram in the statement.




Next, fix a relative suspension isomorphism o = o pn gn-1 and a homeomoephism &, : Dr/Snt —
S™,suchthat 0 e o = (k,,) (qﬂ) . Here, we identify ST = S™ = Sg etc. Then, we have a diagram

B, 57 —Z— By (0, 57) 0, g (on, 5 Hy (D71,57)

a, J@ J * 0

H,(D"/S"1) (k,,) H,,(5™) W H,(D"/S"1) T H,(5™)

o
*

g

All the blue arrows are isomorphisms. Since the left and right squares (they are identical) are commu-
tative by assumption, it follows that m(a, ) o o is same multiplying by the degree of the map «,, o

va, B). O

Note that the cellular boundary formula depends on the choice of the suspension isomorphism o, as we
saw earlier we can get another isomorphism which differs by a sign. On the other hand, if we fix them once
and use it for all the cells, then the cellular boundary map is determined up to a sign. Indeed, we can fix
o: Hy(D% S™') — H,(D*',S5°), and then use its iterates. Thus, the cellular homology computation will be
unaffected.

Example 13.13: (Cellular Homology of RP"™)

In Example 13.10, we say a cell decomposiont RP"*! = RP™ U, e"*!, where the attaching map ¢ :
S™ — RP" is given as the restriction of the map

¢ : D"t — RP"

(g, -y Tpy) F— [wo DTyt \/I—Zx%].

We compute the cellular boundary map(pfor this decomposition. ByNTheorem 13.12, we need to
understand the degree of the map ¢ : S™ — RP™ — RP"/(RP™ \ ") — S™, where ¢ is the universal
covering map. Note that RP" /(RP™ \ e") = RP" /RP" L. Fixsomey € RP™ \ RP" 1. Then,y = [z, :
.1, 1], where t = /1 — " a? # 0. Then, ¢ !(y) = {£2}, where z = (22, ..., %= ). Fix the open
hemi-spheres D, and without loss of generality assume that z € D} (otherwise relabel z by —z). It
follows that ¢ is identity on D7, and we can get o on D" by by first applying the antipode map on D"
(which maps it to D7), followed by ¢. Thus, from Proposition 13.8, it follows that the degree of ¢is 1 +
(—1)™*1. Hence, denoting C,, := C<*(RP") = H,, (RP",RP"!), it follows that the cellular boundary
map d,, : C,, — C,,_, isgiven by 1 + (—1)»=Y+1 = 1 4 (—1)". In particular, we have

Z, k=0
Z, k=0
Z/27Z, 0 <k<2n+1,kodd
H, (RP?"+1) = < H,(RP?") = S Z/2Z, 0 < k < 2n,k odd
Z, k=2n+1
0, k > 2n.
0, k> 2n+1.

\




Extend Exercise 12.6 by computing the ceullar (and hence the singular) homology of S? x S for any p, q.

Hint : Justify S? x S7 = (SP vV S) U, eP™9, where ¢ : Spta—l _, QP v/ §4 s the attaching map.

Compute the celluar homology of the n-shpere with exactly two k-cells in each dimension, 0 < k < n.
Compute the cellular homology of S°°.




Example 13.16: (Cellular Homology of 3-Torus S* x S x S%)

The three torus T3 = S x S x S can be given the following CW structure.

[} 7 [ ]
Y
¢ b < ¢ b
¥ ¥
° a} °
b %+ Y ooy %+
¥ ¥
(2N
[ ) 7 [ )
[ = c
° a’} °

There is one 0-cell, say, v, three 1-cells, a, b, ¢, three 2-cells, say, X,Y, Z, and one 3-cell, say, A. The
two cell X denotes the left-right face, Y denotes the front-back face, and Z denotes the top-bottom
face, identified accordingly. The cellular chain complex C,, := C<(X) is given as

e 2! 01
O GG — G, — C — G —0.

0 Z{A) Z(X,Y ,Z) Z{a,b,c) Z(v)
We compute 0, by Theorem 13.12.

* We have 0, : H,(X;,X,) = Hy(X,y,X_1). We have X, is wedge of three circles and X_; =
(0, and hence, 0, : H,(X;,{v}) — Hy({v}) = Hy({v}) is simply the boundary map of the pair
(X1, {v}). As X is path connected, it follows that 9; = 0.

* Tocompute 05(X) = axa + byb + cxc, itis easy to see that a y = 0. To compute b, we consider
b

the map S' — S! given by the attaching map ¢ e.Since the two edges differ by a reflection,
s ol

it follows from Proposition 13.8 and Proposition 13.4 that by, = 0. Similarly, ¢y = 0, which makes
0,5(X) = 0. Repeating this argument for Y and Z, we see that 9, = 0.

* Finally, we compute 05(A). Say, 05(A) = uX + vY + wZ. In order to compute u, we consider the
map S? — 52 which identfies the hemispheres via a reflection. Thus, u = 0, and similarlyv = w =
0. ThUS, 83 = 0.

Since all the boundary maps are 0, we have the cellular homology groups as
Z, k=0,3
H.(X)=<73 k=1,2

0, k>3.

Exercise 13.17: (Cellular Homology of S* x K, where K is the Klein’s Bottle)

Let K be the Klein’s bottle, and X = S! x K. Consider the CW structure on X given as



Compute the cellular homology of X.

13.3 Cellular Homology as Homology Theory

Let us consider H, to be an ordinary homology theory, such that H,(x) = Z. In the next theorem, we prove
that H, is naturally isomorphic to H!' for CW complexes. For convenience, we are only considering singular
homology theory.

Theorem 13.18: (Cellular Homology Equals Singular Homology)

Let X be a CW complex. Then, H!'(X) is naturally isomorphic to the singular homology H, (X).

Proof : Let us make some observations.

1. Hy(X™, X" 1) =0fork # n.

2. Hi(X™) = 0for k > n. For n = 0, this is immediate by the dimension axiom. Inductively, assume
it to be true for some n > 0. Say, kK > n + 1. Then, we have part of the exact sequence

H,(X™) = Hy (X)) - H (X", X" 1),

where the two endpoints are 0 : left one by induction, and the right by previous observation. So,
Hk<Xn+1) — O

3. AsH, (X" ?%)=0,themap H, (X" ') = H,_,(X" !, X"2) is injective. Hence, the cel-
lullar n-cylces Z¢!! is same as the kernel ker(0 : H,, (X", X" ') — H, (X" 1)).

4. The exact sequence 0 — H, (X™) — H,(X™, X" ) = H,_,(X™ ') then gives an isomor-
phism H,_ (X") =~ z¢l,

5. H,(X,X") = 0 for k < n. One proves by induction that H; (X", X™) = 0 for £ > 0 and k <
n. Then, passing to colimit, we get H, (X, X™) = 0. This is easy to see for singular homology, but
remains true for any homology theory.

6. The map H,(X"*') — H, (X) is an isomorphism, which follows from the long exact sequence
of the pair (X, X™) and the fact H, (X, X™) = 0 for k < n.

Finally, we consider the following diagram.

10



H +1(Xn+1,Xn) L) Z;:lell R HfLeH(X) — 50

n
A
|
1
— ~ 1
- - |
1
1

H,,, (xm, xm) —2 B (X") —— H,(X™) — 0

n

1%

H,(X)

n

The commuttivity of the left square frollows from the definition of the cellular boundary map. Then, we
have an induced map H,, (X”“) — Hff“(X), which is an isomorphism by 5-lemma. But then it follows
that H,(X) =~ H®(X). Clearly, the isomorphism is natural since all the maps and diagrams involved
are natural. O

Thus, cellular homology is a powerful tool to compute many homology groups.

11
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