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• A map 𝑓 : 𝑋 → 𝑌  is null-homotopic if 𝑓  is homotopic to a constant map 𝑋 → 𝑌 .

• Given a map 𝑓 : 𝑋 → 𝑌 , the mapping cone 𝐶𝑓  is the quotient space

𝐶𝑓 ≔
𝑋 × [0, 1]

(𝑥, 0) ∼ (𝑥′, 0), (𝑥, 1) ∼ 𝑓(𝑥)
.

• Given a subspace 𝐴 ⊂ 𝑋, a retraction is a map 𝑟 : 𝑋 → 𝐴 such that 𝑟|𝐴 = Id𝐴, i.e, 𝑟 ∘ 𝜄 = Id𝐴 where 𝜄 :
𝐴 ↪︎ 𝑋 is the inclusion.

• A space 𝑋 is contractible if it is homotopy equivalent to a point.

Answer Q1 and one of Q2 / Q3.

Q1. Suppose 𝑋 = ℝ3 and 𝐴 is one of the subspaces as below. Describe 𝑋 ∖ 𝐴 as the wedge of circles and 

spheres up to homotopy equivalence. No need to provide explanations. [5 × 2 = 10]

a. 𝐴 is an infinite line.

b. 𝐴 is the union of 𝑛-many parallel infinite lines.

c. 𝐴 is the union of 𝑛-many infinite lines all passing through the origin.

d. 𝐴 is the unit circle 𝑆1 centered at origin in the 𝑥𝑦-plane.

e. 𝐴 = {(𝑥, 𝑦, 0) | (𝑥 − 1)2 + 𝑦2 = 1} ∪ {(𝑥, 𝑦, 0) | (𝑥 + 1)2 + 𝑦2 = 1}.

Q2. Given a map 𝑓 : 𝑋 → 𝑌 , show that the following are equivalent. [5 + 5 = 10]

a. 𝑓 : 𝑋 → 𝑌  is null-homotopic.

b. There exists a retraction 𝐶𝑓 → 𝑌  from the mapping cone of 𝑓  to the base 𝑋.

Q3. Given a space 𝑋, show that the following are equivalent. [5 + 5 = 10]

a. 𝑋 is contractible.

b. Given any space 𝑌 , any map 𝑌 → 𝑋 is null-homotopic.


